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LC*I NOI DAU 


Cuon sdch “Htfdfng dan giai bai t$p Hinh hpc 11” c6 npi dung 
tiMng dng voi sdch gido khoa hinh hoc 11, chi/ong trinh chuln dope dp dung 
vdo nflm hoc 2007 - 2008. 

M6i muc (§) cua quyen sdch gom btfn phdn: 

I. Tom tilt ly thuyet 

II. Bai tap can ban 

III. Cau h6i trdc nghifm 

IV. Bdp dn 

Phan I: Trinh bdy nhQng vdn de ly thuyet trong tdm nhat cua sdch 
gido khoa md cdc em can phdi hieu vd ndm vufng. 

Phan II: Trinh bdy ldi giai chi tiet cua cdc bdi tap c6 trong SGK, moi 
bdi tdp d4u ndu ddy du cdc bade l$p ludn vdi edn cur Id cdc dinh nghla, dinh 
ly, cdc tinh chat da hoc. 

Phdn III: Trinh bdy cdc c£u hdi trdc nghi$m nhdm gitip cdc em 6n 
luypn lai kien thtfc dd hoc. 

Phdn IV: Trinh bdy ddp dn cdc cdu h6i trdc nghiem co ccr sd d phdn III. 

Viec sd dung sdch ndn thiic hien theo trinh ttf nhu sau: Sau khi hoc ly 
thuyet, cdc em hay tu minh gidi cdc bdi t£p c6 trong sdch gido khoa, nfi'u 
gdp kh<5 khdn c6 th£ tham khdo ldi gidi bdi tap trinh bdy d phan II, hon 
ntfa ngay ca khi gidi dupe bdi tap cua sdch gido khoa, cdc em cung ndn so 
sdnh IPi giai cua minh vdi lPi gidi dupe trinh bdy trong sdch ndy d£ hilu 
sdu sdc, day du kien thiic vd phuang phdp giai todn. Tid'p theo cdc em ndn 
ddnh thdi gian gidi cdc cdu h6i trdc nghiem d phdn III d<? cung c6' kidn 
thrfe. Hy vong cudn sdch se Id tdi li^u h5 trp tich cUc giup cdc em hoc td't 
Hinh hoc 11. 

Rat mong cdc em dung sdch vdi y there tp chu cao vd khdng dung sdch 
theo edeh chi “dpc” cdc 16i gidi c6 sdn cua cdc bdi tap trong SGK. 


Cdc tac gid 



CHLfdNG I 

PHEP DCfl HINH VA PHEP DONG DANG 
TRONG MAT PHANG 

§1. PHEP BIEN HINH 


I. Tom tat ly thuyet 

1. Dinh nghia: Quy tie dat tuong tfng m6i diem M cua mat piling 
vdi mot diem xac dinh duy nhat M’ cua mat phang do di/cfc goi la phep bien 
hinh trong mat phing. 

2. Ki hi<*u: Neu ki hieu phdp bien hinh la f thi ta vid't fXM) = M’ hay 
M’ = RM). Ta goi diem M’ la anh cua diem M qua ph6p bien hinh f. Neu H 
la mot hinh nao d6 trong mat phang thi ta ki hieu H' = RH) la tap hop ede 
diem M’ = RM), vdi moi diem M thuoc (H). Khi do ta ndi f bien hinh H 
thanh hinh H\ hay hinh II' la anh cua hinh H qua phep bien hinh f. Phdp 
bie’n hinh bien moi diem M cua mat phang thanh chinh no dope goi Id phdp 
d6ng nhat. 

II. Bai tap can ban 

Bai 1. Trong mat phang, cho diem I co dinh. Chufng minh rang: quy tic d&t 
ti/dng dng moi diem M trong mdt phang vdi mot diem M’ cua mat phlng 
sao cho I la trung diem cua MM’ la mot phep bien hinh. 

Giai 

Vi I la trung di«?m MM’ nen M’ nim 
tren fludng thing MI va IM = IM’, vdi 
moi diem M thi ta tim dope duy nhat 
mot didm M’ sao cho I la trung didm cua 
MM’. Vay phdp dflt tifcmg dng nho trdn 

la mOt phdp bidn hinh. 

Bai 2. Trong mat phang, cho vecto a khdng doi, phdp dat tuong dng moi 
diem n&m trong mat phang vdi mot diem M’ n&m trong mat phang d6 sao 
cho: MM' = a c6 phai la phep bien hinh khdng? Vi sao? 

Giai 

Vi a khdng doi nen vdi moi diem M ta tim dope duy nha’t diem M’ 
sao cho MM ' - a .Vay phep dat tdong dng nho tren la phep bien hinh. 
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Bdi 3. Cho tarn gidc ABC. Quy tic cho tuong Ung m6i di$m M tliujc canh 
AB vdi mot di£m M’ lk trung diem cua CM c6 phii lk phdp biin hinh 
khfing? VI sao? 

Giai 

Vdi mfii di£m M thuQc AB ta 
xic dinh dupe duy nha't di£m M’ lk 
trung dit?m ciia CM; tuy nhiin theo quy 
tic tr§n thi difi’m C khdng dupe dat 
tuong Ung vdi bat ky di£m nko cua m$t 
phing, do d6 quy tic tr6n khong phai 
Ik m$t phdp biin hlnh. 

III. C&u hoi trdc nghipm 

1. Trong cic quy tic dat tuong Ung m5i diim cua mflt phing vdi: 

(A) 2 diim thupc mat phing dd; 

(B) V6 sO' diim thuQc mat phing d6; 

(C) 1 diim duy nhfft thupc mat phing <36; 

(D) 3 diem thupc mat phing d6. 

Quy tic nko li phip biin hinh? 

2. Trong m$t phing, cic quy tic sau diy, quy tic nko kh6ng phii li phip 
bi&'n hinh? 

(A) Quy tic dit tuong Ung moi diem vdi mpt diPm dd'i xUng vdi nS qua 
mpt dudng thing; 

(B) Quy tic dat tuong Ung moi diim vdi mQt diim dd'i xUng vdi ni qua 
mpt diPm cho trUUc; 

(C) Quy tic dat tuong Ung mii diim M vdi diem M’ mk MOM' = a (O c6 
dinh, a cho trUde); 

(D) Quy tic dkt tUefng Ung moi diPm M vdi diim M’ mk: MM' = i (a 
cho trUde). 

3. Trong mat phing, cic quy tic sau day, quy tic nko Ik phdp biin hini? 

(A) Quy tic dat tuong Ung moi diim M vdi diPm M’ sao cho MM’ :6 dp 
dki khfing d6i bing a; 

(B) Quy tic dat tuong Ung mSi dilm vdi diim M’ sao cho MM =2MA 
(Vdi A li diim cho trUde); 

(C) Quy tic dat tuong Ung mSi diem M vdi diem M’ sao cho tan gike 
M’AM lk tam giic vuong tai A (A lk diem cho trUde); 
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(1>> Piep dftt toong dng moi diem M vdi diem M’ sao cho tam giic M'AM 
la tun giae can tai A (A la diem cho trade). 

4 Trong n$t phang. cac qtiy tic sau day, quv tic nAo khong phAi la phep 
bien hinh’ 

(At Qiv tAc dat tnong dng moi diem M vdi diem M - sao cho OM ’ kOM 
(O la ifiem cd dinh, k <0 cho trade); 

(B) Qiy tac dat tiftmg dng moi diem M vdi diem M‘ la hinli chieu vuong 
g6c ci’h M trim dadng thing d co dinh; 

((•) Qiy tiic dat tddng dug moi diem M vdi diem M’ sao cho M’ la giao 
diem :iia difdng thang d di qua M vdi difdng trim co dinh (O); 

(I)) Q.y tSc dat tifefng ifng moi diem M vdi diem M’ sao cho doan thang 
MM' rhan difdng thang d cho trade la difdng trung true. 

5. Anh ci’n m6t diem qua phdp bien hinh la? 

(A Mot doan thing ; (B) M6t dddng thang ; 

(C Mot tia ; (D) Mot diem. 

IV. Dap in 


Cau 

1 

2 

3 

4 

5 

Dap an \ 

(C) 

(C) 

(B) 

(C) 

(D) 


§2. PHEP TINH TIEN 


I. Tom tit ly thuyet 

1. Dinh ighia: Trong mAt phing cho vectcf V. Qua phdp bien hinh bien 
moi di£n M thAnh diem M’ sao cho MM' = V ddoc goi 1A phep tinh tien 
theo vectf V. Thadng daoc kx hieu 1A T v vA V daoc goi 1A vecto tinh tien. 
Vay: T v (Vl) = M' o MM' = V . Phdp tinh tien theo vecto - khong chinh 1A 
phdp d6n{ nhA’t. 

2. Tinh ihflft 

a) Tinh ciAt 1: Neu T V (M) = M', T y (N) = N' thi M'N' = MN vA tif d6 suy 
ra M'N' = MN. 

b) Tinh mat 2. Phdp tinh tien bien dadng thing thAnh dadng thing song 
song hoA; trung vdi no, bien doan thing thAnh doan thing bang n6, bien 
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tarn gidc thdnh tam gidc bang n6, bien duPng tron thdnh duhng trf&n ciing 
ban kinh. 

3. Bieu thiifc tpa dc) Trong mat ph$ng toa do Oxy, cho vecta V = <a;b). 
VPi moi di<?m M(x; y) ta co M’(x’; y’) Id anh cua M qua phep tjnh ti«£h theo 
vecta V. Khi d6 MM' = V. 


yy = b 


y' = y + b 


Bieu thtfc tren duac goi la bi£u thtfc toa dp cua phtfp tinh tifin T, . 

II. Bai tap cdn ban 

Bai 1. (Bai 1 - trang 7 SGK). Chufng minh rang: M' = T V (M) o M - T v ;M'J 


Ta c6: M' = T V (M) e> MM'' = V e» M'M = -V » M ^ T V (M') (dpcm) 

Bai 2.(Bdi 2 — trang 7 SGK). Cho tam gidc ABC c 6 G la trong ttfmi. }tfng 
anh cua tam gidc ABC qua phdp tinh tien theo vecta AG . Dung diena !) sao 
cho phdp tinh tidn theo vecta AG biefri D thdnh A. 


Goi A’ la anh cua A qua phep tinh tiS’n theo vecta AG a c6 
T a .(A) = A’ «AA' = AG«A' = G 


Tuong ttf: B' = T A(J (B) o BB' = AG hay B’ la dinh thtf tu cua hinih binh 


hanh ABB’G. 

C' = T ag (C)oCC ' = AG hay C’ Id 
dinh thtf tu cua hinh binh hanh 
ACC’G. V&y A A’B’C’ Id dnh cua 
A ABC da dung dupe. 

Ta c6: T AG (D) = AoDA = AG hay 
D la di£m nhm tr§n dtfPng th&ng di 
qua AG vd AD = AG. 
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Biii 3. (Bai 3 trang 7 SGK). Trong mat phftng toa do Oxy cho vectcf 
V ( 1; 2), A (3; 5), B ( 1; 1) vft dildng thftng d c6 phuwng trinh x 2y + 3 = 0. 

a) Tm toa do cua cac diem A’, B’ theo thi? tu lft anh ciia A, B qua phep 
tiili tien theo V 

Id Tm toa do cua diftm C sao cho A la anh cua C qua phftp tjnh tien 
tteo V 

c) Tm phi/crng trinh cua dildng thiing d' 1ft anh ciia d qua phftp tinh 
tien theo V. 

Gidi 


Bieu thijfc toa do ciia phep tinh tien T v 1ft 


|x' = x- 1 
ty • = x 4-2 


a) G<>i A (x A ;y A );B'(x„;y H ) ta c6: 

fx A =3-1 = 2 


A ~ X A - 1 

fx A 

o 


a = y A + 2 

iy A 

n = *u -1 

lx,, 

O' 


u = y B + 2 . 

|y« 


hay A'(2; 7) 

= / 

hay B’(—2; 3) 

X* = Xc - 1 0 |*c = x A + 1 

y A = y c + 2 Uc = y A - 2 


b) A la aih cua C qua T thi ta c6: 


x,. = 4 , 

<z{ hay C(4; 3> 

lyc = 3 


c) Goi Med ta c6 M(2a - 3; a), goi M - T y (M) o 
(x., = 2a - 4 


X M = X M 1 

y M = y A + 2 


[y =a + 2 ° X M -2)-4ox M - 2y M +8 = 0 

hay M’ nim trfin difdng tiling d’: x - 2y + 8 = 0 1ft ftnh cua d qua T v . 


Bdi 4. (Efti 4 - trang 8 SGK). Cho hai dtfdng thftng a vft b song song vdi 
nhau Ha/ chi ra mot phftp tinh tift'n bien a thftnh b. C6 bao nhiftu phftp 
tjnh tiennhd thft'? 

Gidi 


Phftp tinl tift’n T y vdi vecto V bftt ki khftc vdfi cftc vecto chi phuong cua a 
vft b d4u W£n a thftnh b. Vay eft vo j. nftp tinh tift’n nhu trftn. 
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III. CSu hoi trie nghi^m 

1. Cho A(-2; 4), V=(3; -2). Anh A’ oia A qua phdp tinh ti£n theo V c6 toa 
dq 16: 

(A) (1; 2); (B) (-1; 2); <C) (1; -2); (D)(-l;-2) 

2. Cho A(2; -1), V = (3; 4). Tao anh cua A qua phep tinh titfn theo V e6 toa 
d6 1&: 

(A) (-1; -5) ; (B) (1; 5); (0(1; -5); (D)(-l;5). 

3. Cho phdp tinh tiin T v vh A(3; 4); B(-2; 5). Bi&t T y (A) = B. Toa do cua 
vecto tinh ti£n V la: 

(A) (5; 1); (B) (5; -1); (C) (-5; 1); (D) (-5; -1) 

4. Cho A(l; 2); B(-3; -4). Goi A’ = T v (A); B’ = T v (B), d$ dai doan thing 
A’B’ la: 

(A) 52; (B) 25 ; (C) v/25 ; (D)>/52. 

5. Cho dudng thing d:2x-y + l = 0va V = (3; 7). Goi d’ = T y (d), phuemg 
trinh di/dmg thing d’ la 

(A) 2x - y - 1 = 0 ; (B) 2x - y = 0 ; 

(C) 2x - y + 1 = 0 ; (D) 2x - y + 2 = 0. 

IV. Dap an 


Cfiu 

i 

2 

3 

4 

5 

EBB 

(A) 

(A) 

(C) 

(D) 

(B) 


§3. PHEP DOI XEfNG TRUC 


I. Tom tit ly thuyet 

1. Dinh nghla: Cho dtfdng thing d, ph6p bien hinh bien m6i diem M thuoc 
d thinh chinh no, bi£n moi diem khfing thuoc d thinh diem M’ sao cho d la 
difdng trung trtfc cua doan thing MM’, dtfpc goi la ph6p dfi'i xting qua 
di/dng thing d hay ph6p doi xi'rng true. 

• Dudng thing d ditoc goi la true cua ph6p dd'i xufng hay la true dOi xting, 
phdp doi xdng true d duefe ki hieu la D,j. Neu ■'/! ' la anh cua ■'!! qua Dd thi ta 
ndi ‘H d6i xufng vdi -K" qua d, hay -'ll vi .K ' d6i xufng vai nhau qua d. 

• M’ = Dj (M) o M = Dd(M’) 
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2. Bieu thufc toa dp 

a) Neu u chon he toa do Oxy sao cho true Ox trung vdi du/dng thing d vS c6 
diem M = (x; y), M' = D d (M) = (x - ; y’) thi 



Bieu thuc tren ddoc goi IS bieu thufc toa d6 cua ph£p dd'i xufng true Ox. 
b) Neu la chon he toa do Oxy sao cho true Oy trung vdi difcmg thing d vS c6 
diem M = (x; y), M' = D d fM) = (x’: y') thi 



Bi#u thi'c tren di/oc goi IS bieu thufc toa do cua phdp dd'i xufng true Oy. 

3. Tinh chat 

z) Tinh chft't 1: Phdp dd’i xufng true bio toSn khoang cSch giufa hai 
diem ba: ky. 

1) Tinh ch&'t 2: PhSp doi xufng true bi£n dufmg thing thSnh dubng 
thing, doan thing thSnh doan thing bkng nd, bid'n tam giSc thSnh tam 
giSc birg n6, Bien di/bng trdn thSnh dtfdng trdn cung bin kinh. 

4. Tr^c dd'i xufng cua mpt hlnh: Bddng thing d dime goi IS true dd'i xufng 
cua hin'a .VnS'u phdp doi xtfng qua d bi&'n thSnh chinh n6. Khi dd ta n6i 
.V IS hiih c6 true doi xufng. 


II. Bai - 4p cSn ban 

Bai 1. (BSi 1 - trang 11 SGK). Trong mat phing Oxy cho A(l; -2) vS 
B(3; 1). Rm anh cua A, B vS di/dng thing AB qua ph6p dd'i xufng true Ox. 


Giai 


Goi A’, B’ lin li/Ot IS inh cua A vS B 
qua phd? doi xufng true Ox. Ta c6: 

ty A = -y A ly B = -y B 

do A6 A(l; 2); B’(3;-l). 

fchi dd dufdng thing A’B’: 
3(x - 1) *■ 2(y - 2) = 0 o 3x + 2y - 7 = 0 
IS Snh :ua dildng thing AB qua phdp 
dtfi xuJnf true Ox. 





Bai 2. (B4i 2 - trang 11, SGK) 

Trong mat ph&ng Oxy, cho duftng thang d c 6 phucfng trinh 3x - y +■ 52 = 0. 
Viet phi/cfng trinh cua du&ng thang d’ la anh cua d qua phhp doi xilng true/ Gy. 


Giai 


M e d thi M(a - 3a + 2) Gg, m’ £ n h cua M qua phep dfl'i xilng true Oy. Ta co: 


X M = X M 

y M =y M 


[y M = 3a 4-2 


« y M = -3 x m +2 


<=> 3x m + y M - 2 = 0 hay d’:3x + y- 2 = 0 la anh cua d qua ph6p> doi xjrng 
true Oy. 

Bai 3 (Bai 3 - trang 11, SGK) Trong c4c chuf c4i sau, chuf nAo 1:4 hhnl c6 
true doi xilng? 


W 

VIETNAM 

O 


Giai 

C&c chO sau day c6 true dfii xilng: V, T, E, T, A, M, W, O 
III. Cau hoi trfic nghipm 

1. Anh cua A(5; -15) qua phep ddi xilng true Ox 14: 

(A) (5; 15); (B) (-5; 15) ; (C) (5;-15); (D) (-5;-15>. 

2. Tao 4nh cua A(-3; -4) qua ph6p doi xilng true Ox 14: 

(A) (3; 4); (B) (3;-4) ; (C) (-3; 4); (D)(-3;-4). 

3. Anh cua A(-2; 1) qua ph6p deft xilng true Oy 14: 

(A) (2; -1); (B) (-2;-1) ; (C) (-2; 1); (D)(2;l). 

4. Cho A(3; -2), B(l; 4), goi A’, B’ ldn li/cft 14 4nh cua A, B qua pldp) (oi 
xilng true Ox. 

B$ d4i doan th&ng A’B’ 14: 

(A) 27l0 ; (B)7T0; (C) 720; (0 40 

5. Cho dildng thang d: 2x - 3y + 4 = 0, goi d’ 14 anh cua d qua ph6p> (oi 
xufng Oy. Phifong trinh dudng th&ng d‘ 14: 
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<B) 2x +- 3y - 4=0; 
(D) 2x - 3y + 4 = 0; 


(A)2x - 3y - 4 = 0 
(C) 2x + 3y +4 = 0 

IV. Dap an 


Cau | 

1 

2 

3 

4 

_ 

5 

1 Dap fin j 

(A) 

(C) 

(D) 

(A) 

(B) 


§4. PHEP DOI XtfNG TAM 


I. Tom tAt ly thuyet 

1 . Djnh nghla: 

• Cho diem I, phep bien hinh bien diem I th&nh chinh no, bien moi 
diem M khtfc I thiinh M’ sao cho I la t-rung diem cua doan th&ng MM’ dtfpc 
goi Id phep doi xtfng tarn I. Diem I dtfpc goi la tam ddi xtfng. 

• Phdp doi xtfng tam I thtfdng ditqc ki hieu Id D|. 

• N§'u hinh .//* la anh cua hinh (./A qua Di thi ta c6n ndi 'H ’doi xtfng 
vdi 'H qua D[, hay .1! va .n ' doi xtfng vdi nhau qua I. 

• M’ = Di(M) oIM -- IM 

2. Bi<?u thtfc toa dp cua phep doi xtfng tam qua goc toa dp. 

Trong hp toa do Oxy cho M = (x; y), M’ = Do(M) = (x’; y’) khi dd; 
x' = -x 

y‘ = -y 

Bidii t.htfc tren dtfpc goi 1A bieu thtfc toa do cua phdp ddi xtfng true qua gd'c 
toa d(). 

3. Tmh chat 

a) Tinh chat 1: Neu D](M) = M’ v& D|(N) = N’ thi M N’ = -MN va ttf do 
suy ra M’N’ = MN. 

b) Tinh chat 2: Phdp do'i xtfng tam bien during thang th&nh dtfdng thang 
song song hoSc trung vdi n6, bidn doan tiling thhnh doan thang b&ng nd, 
bien tain giac thhnh tam gidc bang nd, bien diftfng trdn thhnh dtfdng trdn 
cung bdn kinh. 
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4. Tam doi xu'ng cua mpt hinh: Diem I di/qc goi la tarn doi xdnj: «‘ua 
hinh neu ph6p doi xdng t4m I bien hinh .//’ thhnh chinh n6. Khi do ta n6i 
■1( 14 hinh c6 t4m d6i xtfng. 

II. Bai tap cin ban 

Bdi 1 (B4i 1 - Trang 15 SGK) 

Trong mat piling toa do Oxy, cho diem A(-l; 3) v4 dtiftng thing d c6 
phtftfng trinh x - 2y + 3 = 0. Tim anh cua A v4 d qua ph4p d6'i xtfng tSm O.. 

Gidi 

Goi A’(x’; y’) 14 anh cua A qua Do, khi d6: 
fx' = -(-1) f x' = 1 

{ » < hay A’(1;-3) 14 anh cua A qua D 0 . Goi d'14 

ly =-3 ly ="3 

inh cua d qua Do, khi d6 vectcf ph4p tuy4n cua d’ 14 n = (1; -2) v4 A' thuQc 
d’ n4n d’: l(x -1) - 2(y + 3) = 0 <=> x - 2y - 7 = 0. V4y d’: x - 2y - 7 = 0 14 
anh cua d qua Do . 

Bdi 2. (B4i 2 - trang 15 SGK) 

Trong c4c hinh tam gi4c d4u, hinh binh h4nh, ngu gidc diu, luc gi4c 
diu, hinh n4o c6 t4m d6’i xtfng? 

Gidi 

Trong cdc hinh tren thi hinh binh h4nh v4 luc gi4c d4u cd tim dSi xtfng. 



E D 


Bdi 3. (B4i 3 - trang 15 SGK) 

Tim mot hinh c6 v6 so tam d6’i xtfng. 

Gidi 

Dtfdng thing 14 hinh c6 v6 so' t4m dd'i xtfng vi vdi moi di4m I thu^c 
dtftfng thing d thi D] (d) = d. 

Ttfong tif nhif vay hinh gom hai dtfdng thing song song cung 14 hinh 
c6 tam do'i xtfng. Th4t v4y cho a II b, goi d 14 diftfng thing c4ch diu hai 
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difdng ihftng a, b. Vdi I la diem bat ki trim <1 thi Dj(a) = b, D|(b> = a hay vdi 
1 t huoc d thi t)| bien hinh gom hai diftmg thAng song song thanh chinh n6. 
Vay hinh gAm hai dtfifng thing song song cA vd so tarn doi xiVng. 

III. Cflu hoi trac nghi^m 

1 Cho A(- 4; 7), anh ciia A qua D () c6 toa do la: 

(A) (-4;-7) ; (B) (4;-7) ; (C) (-4; 7); (DM4; 7). 

2. Cho M'(2; 5), tao Anh M cua M’ qua Do cA toa do la: 

(A) (-2;-5) ; (B) (2; 5) ; (C) (2; -5); (DM-2; 5). 

3. Cho duimg thing d: 2x - y + 4 = 0, anh d' ciia d. qua D 0 co phtftmg trinh: 

(A) x - 2y + 4 = 0 ; (B) x + 2y + 4 = 0; 

(C) 2x - y + 4 = 0 ; (D) 2x - y - 4 = 0. 

4. Cho dieting thang d’: 3x - y + 4 = 0, tao anh d cua d' qua B 0 cA phi/dng trinh: 

(A) 3x + y + 4 = 0 ; (B) 3x + y - 4 = 0; 

(C) 3x - y - 4 = 0 ; (D) 3x - y + 4 = 0. 

5. Cho 1(1; 2), A(3; 4). Anh A’ ciia A qua B| c6 toa do li: 

(A) (-1; 0) ; (B) (2; 3) ; (C) (2; 2) ; (DM1; 0). 

IV. Dap an______ 


CAu 

1 

2 

3 

4 

5 

Dap an 

(B) 

(A) 

(D>._ 

(C) 

(A) 


§5. PHEP QUAY 

I. Tom tit ly thuyet 
1. I>inh nghin 

• Cho diem O vh gAc liiong giAc a . PhAp bien hinh bien O thAnh 
chfnh nA, biA'n mAi di(?m M khac O thanh di£m M’ sao cho OM’ = OM va 
gAc hieing giAc (OM, OM’) bang a diftlc goi 1A phep quay tftm O gAc a . 

• DiAm O difoc goi la tarn quay c6n a goi la g6c quay cua phAp quay dA. 

• PhAp quay tam O g6c a thi/dng diftlc ki hi$u la Q ( o, a i 

• ChiAu di/cmg cua phAp quay li chieu di/cfng cua dtftlng trim lifting giAc. 

• Vdi k la so nguyAn ta luon cA: PhAp quay Q (0: 2k7i 1 1A phAp d6ng 
nhtl't. phAp quay Q ((1(2k h| la phep doi xilng tam O. 
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2. Tinh chfl't 

a) Tinh chfit 1: 

Phfip quay bfio tofin khoang cfich gicra hai difim b&'t ky. 

b) Tinh chfi’t 2. 

Phep quay bifin duftng thing thfinh difdng thing, bio’n doan thing 
thfinh doan thing bfing n6, bifin tam gific thfinh tam gific bang n6, bi£n 
difdng tr6n thfinh difdng trdn c6 ciing bfin kinh. 

c) Nhfin xfit: Phfip quay g6c a vdi 0 <a <x, bifin difdng thing d thfinh 
difdng thing d’ sao cho g6c ginfa d vfi d’ bfing a (nfiu 0 < a ^ ^ hofic bfing 

it - a (nfi’u — $ a < n) 

2 

II. Bai tip cAn ban 

Biu 1 (Bfii 1 - trang 19 SGK). Cho hinh vuOng ABCD tfim O (hinh 1.38 SGK) 

a) Tim finh cua diem C qua phfip quay tfim A g6c 90°. 

b) Tim finh cua difdng thing BC qua phfip quay tfim O gdc 90°. 

Gidi 

a) Goi C’ = D 0 (C) khi d6 AACC' can tai A vfi ACD = AC D = 45° 

Suy ra CAC' = 90° hay (OC; OC’) = 90° . 

Khi d6 |( AClAC ) = 90 ° hay C’ = Q, .(C) 

[ac = ac ( A9tf ) 

Lim , f(AB;AD) = 90° 

b) Ta c6: v ' 

AB = AD 

nfin D = Q (a90 o)(B). Vfiy finh cua difdng thing BC qua phfip quay Qj AM o| Ifi 
difdng thing di qua C’ vfi D hay chinh Ifi difdng thing CD. 

Bai 2. Trong mfit phing toa d$ Oxy cho difim A(2; 0) vfi difdng thing d c6 
phifcmg trinh x + y - 2 = 0. Tim finh cua A vfi d qua phfip quay tfim O gdc 90°. 
Gidi 

Ta c6 diem A’(0; 2) lfi finh cua difim A(2; 0) 

^ ua Q( 0 t ** 1 v *y ; 

AOA 1 = 90° (hjnhbgn) 

OA = OA 1 
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Goi <!' Is anh cua d qua Q, /( , ^ ta c6 A thuoc d non A - thuoc d’. Mat khdc 
d’ = Q, , K>U j nen d' 1 d hay vecto chi phirong u (-1; 1) ciia d 14 vecta phap 
tuyon ci a d’ vay d’: 

-l(i-CHl(y-2)s0oi - y + 2 = 0. 

III. Can hoi trfic nghiqm 

1. ('ho A(— 1; 2); B(2; 3). Goi A', B’ lan loot la anh cua AviiR qua Q, 0ri) . Do 
d4i dear thang A'B' 14. 

(\) 10 ; (B) n/ 10 ; (0 17; (D) Vl7 . 

2. Cho Artrng th4ng d v4 Q (0 0 . goi d’ = Q |(1 ,,, neu u = 120° thi g6c giQa d 

v4 d‘ la. 

<\)60° ; (B) 120° ; (0 90°; (D)-60° 

3. Cho A(2; -4) v& A’ 14 anh ciia A qua Q| o j#( ^. Toa do ciia A’ 14 : 

<\) (2; —4) ; (B) (-2; 4) ; (C) (2; 4); (D) (-2;-4). 

4. Cho A(—1; 5) va A’ 14 anh cua A qua „ . Toa d<? ciia A’ 14: 

A(1;P); (B) (1;~ 5) ; (C) (-1; 5) ;(D) (-1;-5). 

5. Cho <Wdn| thang d: 4x - 2y + 3 = 0 v4 d’ 14 anh cua d qua Q^ O360D ) 

phnang .rinh cua dtidng th&ng d 14: 

' (,\) -4x - 2y + 3 = 0 ; (B) 4x+ 2y + 3 = 0 ; 

(O 4x - 2y - 3 = 0 ; (D) 4x - 2y + 3 = 0 . 

IV. Dap an__*___ 


Cau 

1 

2 

3 

4 

5 

D4p An 

(B) ; 

(A) 

(B) 

(C) 

(D) 
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§6. KHAI NIEM VE PHEP DCfl HINH 
VA HAI HINH BANG NHAU 


I. Tom tat ly thuyet 

1. Khai ni<;m ve phep dPi hinh 

• Dinh nghla: Phdp dfti hinh Id phdp bidn hinh bdo todn khodng cdch 
giOa hai di€m bit ky. 

• Neiu ph6p ddi hinh f bidn cbc di£m M, N lan lupt thdnh cdc di<?m M’, 
N’ thi MN = M’N’. 

• Nhan xdt: Cdc ph6p dong nhdt, tjnh tid'n, dO'i xiing true, doi xiing 
tam va phdp quay deu 16 nhufng phbp dPi hinh; phbp bien hinh co dtfpc 
bdng cdch thuc hidn lidn tid'p hai ph6p dPi hinh cung 16 m6t phdp dpi hinh. 

2. Tinh chat: Ph6p dpi hinh: 

a) Bien ba diem thing hang thdnh ba diem thing hdng vd bao todn 
thii tu giura cdc di£m; 

b) Bien duPng thing thdnh duPng thing, bidn tia thdnh tia, big'n doan 
thing thanh doan thing bing no. 

c) Bien tam gidc thdnh tam gidc bing n<J, bid'n g6c thdnh gdc bing n6. 

d) Bien dUPng trPn thdnh dUPng tr6n c6 cung bdn kinh. 

Chu y: Nd'u mQt phdp ddi hinh biS’n tam gidc ABC thdnh tam gidc 
A’B’C’ thi cung bi£h trong tdm, trpe tdm, tdm ede duPng tr6n n$i tidp. ngoai 
ti£p... cua tam gidc ABC cung tuong umg thdnh trpng tdm, true tdm, tdm ede 
duPng tron n6i tiep, ngoai ti£p... cua tam gidc A’B’C’. 

3. Khai nipm hai hinh bing nhau: Hai hinh dupe goi Id bing nhau neu 
c6 mot phdp dPi hinh bid'n hinh ndy thdnh hinh kia. 

II. Bai tap eftn bdn 

Bai 1 (Bdi 1 - trang 23, SGK) 

Trong mat phing Oxy cho ede diem A(—3; 2), B(-4; 5) vd C(-1; 3). 

a) Chdng minh ring ede di<?m A’(2; 3); B’(5; 4) vd C’(3; 1) theo thii tu Id anh 
cua A, B vd C qua phdp quay tdm O g6c -90°. 

b) Goi tam gidc A 1 B 1 C 1 Id anh cua tam gidc ABC qua phdp ddi hinh c6 dupe 
bing edeh thuc hi§n liftn tid'p phdp quay tdm O gdc -90° vd ph6p <!o'i xurng 
qua true Ox. Tim toa d$ ede dinh cua tam gidc AiBiCi. 
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Gidi 

a) Ta c6: OA ( 3;2),OA' (2;3) suy ra: 

|OA| = ■JO -> 4 = v/l3;|OA j = J 4 T 9 = Jl3 

^ |OA| ••= |OA ‘j 

va OA.OA' = -3.2 + 2.3 = 0 

Tu<mg ta OB (-4;5), OB' - (5;4) 

I OB.OB' = -4.5 + 5.4 = 0 

Suy rd ||ob| = Job j = Ja T 

v ^ r ' = V^) (b) 

OC = (-l;3),OC' = (3;l) 

[OC.OC' = -1.3 + 3.1 = 0 
Suy ra . jpq = jQjrvj 

VSy C ' = Q () M „(C) 


Hai tam gidt A’B’C IS anh cua tam giSc ABC qua ^ . (dpcm) 

b) Ttr cAu a ta thay Snh cua tam gi£c ABC qua Q 0 ^ IS tam giSc A’B’C’. 

Vay tam gi£c A 1 B 1 C 1 IS Snh cua tam giSc A’B’C’ qua phSp doi xifng true Ox. 


Ta c6 : 


y A , = y A 


x Al =2 

y A , = -3 


hay Aj (2; -3) 


Ttfcmg tq ta c6: Bi (5; -4), Ci (3; -1) 

Bdi 2. <BSi 2 - trang 24 SGK) 

Cho hinh chtf nhSt ABCD. Goi E, F, H, K, O, I, J iSn lugt la trung 
diem ciia cSc canh AB, BC, CD, DA, KF, HC, KO. Chufng minh hai hinh 
thang AEJK vS FOIC b&ng nhau. 


Gidi 

X6t phSp doi xufng true D EH ta c6: 
F = D E h(K), B = Deh(A), E = Beh(E), 
DeiKJ) = J' <J’ IS trung di£m OF). VSy 
Snh cua hinh thang AEJK qua B E h IS 





hinh thang BEJ’F (1) Xet ph4p tjnh ti£n T KO ta c6 PsT b| (B), 
I = T ku (J').C = T eo (F).0 - T ko (E). Vay hinh thang FOIC 1 k anh cun hinh 
thang BEJ’F qua T KO (2). 

Ti/ (1) vd (2) ta c6 ton tai ph4p ddi hinh (thi/c hien li4n tifi'p hai 
ph6p difi hinh la doi xtfng true vd tinh tid'n ta cung diroc mdt ph4p ddi hinh) 
bien hinh thang AEJK thdnh hinh thang FOIC hay hai hinh thang d6 b&ng 
nhau. 

Bai 3 fBdi 3 — trang 24, SGK) 

Chiing minh rang: Neu mot ph4p ddi hinh bien tarn gi4c ABC thdnh 
tam gidc A'B’C’ thi vfri M la trung diim cua AB ta c6 M’ = RM) la trung 
diem cua A’B’. That vdy: 

{ MA = M' A' 

MB M'B' 

Do d4: M’A’ = M’B’(l) 

MA + MB = M'A’+ MB' = A'B' (2) 

Tif (1) va (2) ta c6: M’ la trung diem cua A’B’. 

Khi d6 goi AAi, BBj, CC] l4n luot ede difdmg trung tuy&n cua A ABC, goi 
A, =f(A,), Bi =f(B,).C 1 =f(C,j. 

Ta c6 A,, B,, C, l4n litot la trung diem cua ede canh B’C’, C’A’, A’B’ hay 
A’Ai’ = flAAi) , BTV = ftBBi), C’Ci’ = flCCi) I4n luot la ede dirtrng trung 
tuytfn cua tam gidc A’B’C’. Goi G la trong tam tam gidc ABC, ttfc G la giao 
diem cua ba difdng trung tuyd'n, goi G’ = fTG) khi d6 G’ phdi 14 giao di£m 
cua A’Aj’, B’Bi’, C’Ci’ hay G’ la trong tam cua tam gidc A’B’C’. 

III. Cau hoi trie nghipm 
1. Khing dinh ndo sau ddy dung? 

(A). Ph4p ddi hinh 14 ph4p bien hinh khong Mo to4n khoang edeh giQa 
hai di4m bat ky. 

(B) Phep quay bao todn g6c gitfa hai dudng thing bS't ky. 

(C) Ph4p d&i hinh bid'n ba diem thing hang thdnh ba diem thing h4ng 
va bdo toan thuf tir giCfa ede diim. 

(D) Ph4p ddi hinh biS'n doan thing thdnh donn thing. 

2. Khing dinh ndo sau ddy dung? 

(A) Ph4p quay vdi g6c quay 180° Id ph4p doi xtfng tam. 

(B) Ph4p quay vdi g6c quay 360° Id phep doi xdng tam. 
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(Ci Phep quay vdi roc quay 180° la phep doi xi'fng true 
(Di 1’hftp quay vdi g6c quay 360° la phep doi xrtng true. 

3. ('ho tain gidc d£u ARC, anh cua canh AC qua phep quay tarn A g6c quay 

-60° l,V * 

(A) ('anh BC ; (B) Canh AB ; 

(C) Trung tuyen AM ; (I)) Canh (’A 

4. I’hop bien hinh nho sau day khong phai la phep dch hinh. 

(A) Phep bien hinh bien moi diem M thuoc canh BC thanh trung diem 
cua doan MA. 

(B) Phep tinh ti?n 

(C) Phep doi xuTng tam 

(D) Phep doi xufng true 

5. KhSng dinh n&o sau day dung. 

(A) Cho hai tam gidc bang nhau, luon ton tai mot phGp ddi hinh bi£n tam 
giac n£y thanh tam gide kia. 

(B) Cho tam gidc ABC vh tam gidc A’B’C’ dong dang vdi nhau, lu6n ton 
tai phep ddi hinh bien tam giac ABC th&nh tam giac A’B’C’. 

(C) Cho hai di/dng tr6n (O; R) vh (O’; R’) vdi R>R’ t6n tai ph6p diri hinh 
bien difdng trdn (0;R) th&nh (O’; R’) 

(D) Cho ba diem A, B, C sao cho AB + BC = AC. Goi A’, B\ C’ l<in li/qt la 
anh cua ha diem A, B, C qua mot phep ddi hinh. Ta c6: A’C’ + C’B’ = A’B’ 


Cau 

1 

2 

3 

4 

fj 

J)dp (Sn 

(C) 

(A) 

(B) 

(A) 

(A) 


§7 PHEP VI Tl/ 

I. Tom tat ly thuyet 
1. Pinh nghla: 

• Cho diem O vd s6' k ■*- 0. Ph6p bifen hinh bifen moi di£m M thfenh dii?m M’ 
sao cho OM' k.OM dddc goi Id phep vj td tam O, ti s 6 k. 

• Phfep vi td tdm O, ti so k dddc ki hieu Id V,o : io. 

• t^han xfet: 

Phfep vj td bien tam vj td thdnh chinh n6. 

Khi k = 1, phep vi td la phep d6ng nhat. 
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Khi k = — 1, ph6p vi tg 14 ph6p ddi xdng tim 

M’ = V (0 ;<=> M = V^,,(M') 

2. Tinh chit f 

a) Tinh chit 1: N£u ph4p vi to ti stf k bi§n hai di£m M, N tuy theo thuT to 
thinh M’, N’ thi STN"’ = k.MN vi M’N’ = |k| MN 

b) Tinh chit 2: Phip vi to ti s6 k: 

• Bii'n ba di£m thing hing thinh ba di£m thing hing vi bio toin thuf to 
gifla cdc diem fiy. 

• Bi£n drfdng thing thinh dodng thing song song hofic trung vdi nd, bi£n 
tia thinh tia, bi£n doan thing thinh doan thing. 

• Bi£n tam giic thinh tam giic dong dang vdi n6, bien g6c thinh g6c bing n6. 

• Bien ditfirng trdn bin kinh R thinh doing tr6n bin kinh |k| .R 

3. Tam vi txt cua hai discing tron 

a) Dinh li: Vdi hai doing tr6n bit ky luon c6 mot ph4p vi to biin doing 
trdn niy thinh dodng trdn kia. Tim cua ph4p vi tii dd doge goi 14 tim vi to 
cua hai doing trdn. 

b) Cich tim tim vi to cua hai doing: 

Cho hai doing tr6n (I; R) vi (I’, R’), c6 ba troing hop sau: 

• Truang hap 1: I trung vdi I’. 

Khi d6 I cOng chinh 14 tim vi to cua hai dodng trdn. 

• Truong hyp 2: 1 khic vdi F vi R * R 1 

Liy didm M bit ky thupc (I; R), doing thing qua F song song vdi IM 
v4 cit (F; R’) tai M’ vi M”. 

Doing thing MM’ cit dodng thing IF tai O n&m ngoii doan IF, MM" cit 
IF tai Oi nim trong doan IF. Ta c6: V, .... V, bi4n (I; R) thinh (F; 

K) K) 

R’) O doge gpi 14 tim vi to ngoii, Oi dOic goi 14 tim vi to trong cua hai 
dodng trdn ndi trdn. 
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• Trifling hap 3: I khac I’ va R= K’ 

MM’ // II’ nen Oj la tain vi tu cua liai ckfdng tron tren (tl so k = -1) 
II. I)ai tap crtn ban 
B<ii /. (Bai 1 trang 29, SGK) 

Clio tarn giac ABC co ha goc nhon vi) H la true tarn. Tim anh cua 


tarn giac ABC qua phdp vi tit tain H , ti so 


J, 

2 


Gidi 

Goi tarn giac A'B’C’ Ih anh cua tam gidc 
ABC qua V , khi do: 

HA = - HA, HB' -HB.HC ^ 1 HC 
2 2 2 

hay A’, B’, C’ l4n lddt la trung diem cua 
HA, HB, HC. 

Bai 2. IB£»i 2 - trang 29, SGK) 



Tim tiim vj tu cua hai diking tron trong cac tracing hap sau (hinh 


1.62- SGK) 


Gidi 



a) b) c) 

a) Goi hai dudng trdn tren lan lddt li) (I’; R’) v& (I; R) . Tren (I; R) iSy di<?m 
M, qua I’ dang dudng thang song song vdi IM c£t (I’; R’) tai M’, M” (hinh 
tr4n) gia sCr M vh M’ cung phia dd’i vdi II', M, M” khdc phia do'i vdi II’. Khi 
do O vd Oi lan luqt la giao diem cua MM’, MM” vdi II’ 1& tarn vi tu cua hai 
dudng trhn. 
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b) Lam tucmg tu cSu a, ta c6 O vin IS giao diem nSm ngoSi doan II’ oia 
MM’ vdi II’, t,im vj tu trong 0| chinh IS ti£p di6m cua hai dudng tr6»n 

c) CSch ISm tuong tu cSu a) 

Bai 3. (Bai 3 - trang 29 SGK) 

ChUng minh ring khi thUc hien liin titfp hai phSp vi tu t^m O se 
dupe mot ph6p vi tu tam O. 

Giai 

XSt ph6p vi tu V (0 ,Kh M IS diem bat ky, dSt M’ = V l0 , k/M) <-> OM' = k OM 0) 
XSt phep vi tu Vjo. *•), dSt M” = V ( o. m(M’) OM = k .OM (2) 

Thay (1) vSo (2) ta dupe: OM"= k.k'.0M 

DSt ko = k.k’ ta c6 OM" = k 0 .OM hay t6n tai V (0l#) sao cho M" = V (OJo) 
(M). VSy khi thUc hi?n lien ti£p hai ph6p vj tu tam O ta thu dupe mot ph»p 
vi tu tSm O. 

III. Cau hoi trie nghipm 

1. Cho V ( o; 2 ). M(l; 4), N(2; -3). Goi M\ N’ IS anh cua M, N qua V (0 . a> dd chi 
doan thing M’N’ IS. 

(A) 2v/2 ; (B) 4v/2 ; (C) 5>/2; (D) 10>/2 

2 Cho V, ,, vS M’N’ = 5. Goi M, N lSn luut IS tao anh cua M’,. N’ q«a 

K) 

V, ,,, d§ dSi doan thing MN IS. 

(A) 10 ; (B) 5 ; (C) 2,5; <D) 7,5. 

3. Cho MN = (3; 4), goi M\ N’ lan luot IS anh cua M, N qua V f o. -m <*>» <9 
cua veetd M'N' IS: 

(A) (-3;-4) ; (B)(-6;-8) ; (C) (3; 4); <D) ((6; 8). 

4. Khing dinh nSo sau ddy sai? 

(A) PhSp vi tu ti sd’ k big’n ba di£m thing hSng thSnh ba di£m thing 
hSng; 

(B) Ph6p vi tu bi(?n dufrng thing thanh dudng thing song song ho&c 
triing vdi n6; 

(C) Ph4p vi tu bi£n tam giSc thSnh tam giSc bang n6; 

(D) PhSp vi tu bi£n duPng trPn bSn kinh R thSnh duPng trbn bdn Ikinh 
|k|.R. 
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5. Khi thifc hien lidn tiip hai phdp vi tu lk V,o, ki vk V,o. 10 ta di/oc phdp vi 
ti 1 tilm O, ti s 6 lk: 

(A) k+k’ ; (B) k.k’ ; (C) k-k ;(D) A. 

k 



Cku 

1 

2 

3 

4 

5 


Dkp kn 

(D)_ 

(A) 

(B) 

(C) 

(B) 


§8. PHEP DONG DANG 


I. Tom tkt ly thuyet 

1. Dinh nghia 

• Phdp bien hinh f dUdc goi lk phdp dong dang ti si k, (k > 0) neu vdi 
hai diim M, N bit k^ vk knh M\ hT tuong umg cua chung. Ta luon c6 
M'N* = k.MN 

• Nhan xet: 

Phdp diri hinh lk phdp d6ng dang ti si k = 1 
Phep vi tif tl so k lk phdp d6ng dang ti si |k|. 

Neu thi/c hi§n lidn tiip phdp dong dang ti si k vk phdp d6ng dang ti 
si p ti» dupe phdp dong dang ti si pk. 

2. Tinh chat: Phdp ddng dang ti so k 

a) Bien ba diem thdng hkng thknh ba diem th&ng hkng vk bko tokn thrf tif 
gitfa ckc diem ky. 

b) Biin dudng thing thknh dudng thing, biin tia thknh tia, biin doan 
thing thknh doan thing. 

c) Biin tarn gikc thknh tam gike dong dang vdri n6, biin gdc thknh g6c bang n6. 

d) Biin dudng trdn bkn kinh R thknh dudng trbn bin kinh k.R 

Chu y: Niu mit phdp ddng dang biin tam gikc ABC thknh tam gikc A’B’C’ 
thi oung biin trong tkm, true tkm, tkm ckc dudng trdn nii tiip, ngoai tiip 
cua tam gikc A’B’C’. 

3. Hinh ddng dang: Hai hinh dUPc goi lk ddng dang vdi nhau niu c6 mQt 
phdp ddng dang biin hinh nky thknh hinh kia. 


25 



II. Bai tap cin ban 

Bdi 1. Cho tam gidc ABC. Difng anh cua no qua phep dong dang co difoc 
b4ng c4ch thtfc hi§n lien tiep ph6p vi tif tam B ti so ^ v4 phdp doi xiifng 
qua dudfng trung trtfc cua BC. 

Giai 

Goi tam gi4c A’B’C’ la anh cua tam gi4c ABC qua V,^,., khi do ^ (B) = B, 
hay B’ trung vdi B. 

BA hay A’ la 

trung diem cua BA 

C’ = V. ,.(C) «BC*’ = iBC hay C’ la 

( B -i) 2 

trung diem cua BC. Goi tam giac A”B”C" 
la 5nh cua tam gi4c A’B’C' qua ph6p doi 
xtfng qua di/dng trung true d cua BC, khi 
do 

D d (B’) = C hay B” trung vdi C. 

B,|(C’) = C’ hay C” trung vdi C’ 

A” = Bd(A’) 

Gpi H la hinh chieu vu6ng g6c cua A’ tr§n d. A' la di£m th6a man di£u ki#n 
HA " = -HA' hay H la trung diem cua A’ A”. 

Vay tam gi4c A”B”C” vi?a dung trin 14 anh cua tam gi£c ABC. 

Bai 2. (B4i 2 - trang 33, SGK) 

Cho hinh chi? nhat ABCD, AC v4 BD c&t nhau tai I, Goi H, K, L v4 
J lan lUUt 14 trung di£m cua AD, BC, KC v4 IC. Chi?ng minh hai hinh thauig 
JLKI v4 IHDC d6ng dang vdi nhau. 

Giai 

XH ACKI ta c6 LJ 14 di/frng trung 

binh n§n LJ = - KI = - IH 
2 2 

Do d6 LJ = — IH (1) 

2 

Xet ABCD ta c6 KI 14 dtf&ng trung binh ndn KI = ^ DC (2) 



A’ = V, n (A) oBA =i 

[O 2 
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Vd KL 


-KC - — HD (3) IJ = — IC (4) 

2 2 2 

Tti (1), (2), (3), (4) ta c6: Hinh thang JLKIla dnh cua hinh thang IHDC qua 

phdp dong dang ti s6' -. Vay hai hinh thang JLKI va hinh thang IHDC lh 

dong <lang vdi nhau. 

Bai 3 . (Bai 3 - trang 33 - SGK) 

Trong mat ph&ng Oxy cho diem 1(1 ; 1) vh ditfmg trbn tam I bdn 
kinli 2. Viet phtfcmg trinh cua ditdng tr6n la anh cua dUdng tr6n tr6n qua 
ph6p dong dang c6 dMc bang each thiic hien lien tiep ph6p quay tam O, 
g6c 4f»° vh phep vi tii tam O ti so 72. 

Gidi 

Goi (I*; R’) la dnh cua di/tfng trim (I; R) (R = 2 ) qua ph6p quay Qj 045 .j 

Tac6: OI = (1;1),6T = (x ;y ') . VI I’ = Q (04S = } (I) n&n 

72 
2 » 

c> r- ho&c ■ X ^ nhung g6c quay duong n£n I'(0;72) vi theo 

y 1 = 72 ' [y ’ = 0 ' ' 

tinh chat cua ph6p quay thi R’ = R = 2. 

Goi (I”; R”) la anh cua (I’; R’) qua ph£p vi tu Vj Q ^, khi d6 

i"=V) (I ' )o5r ' = ^ 0r ' 

Ma OI" = (x",y "),OI'= (0;72) nen X ol*,, ^ 

V / [y" = 72.72 l 7 =2 

c> I"(0;2) 

vft theo tinh chat cua phdp vi tit thi R" = 72.R‘ = 72.2 = 272 . V£y difdng 
trbn (I”) c6 phi/cmg trinh: x 2 + (y - if = 8 la anh cua ditdng trim tam 1(1; 1) 
bdn klnh b&ng 2 qua ph6p d6ng dang n6i trSn . 

Bai 4 (Bai 4 - trang 33 - SGK) 

Cho tam gidc ABC vuong c&n tai A, AH la dudng cao k6 t£r A. Tim 
mOt ph6p dong dang bien tam gidc HBA thanh tam gidc ABC. 


=72 
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Gidi 


Goi d 111 dudng phan gidc cua goc B, xet doi y 
xurng true D d ta c6: A’ = D d (A) A’ Id giao 
diem cua dt/dng thdng di qua A vdi canh BC, 

H’ = Dd(H) => H’ Id giao di6’m cua di/dng h 1 
thdng di qua H vdi AB. 

B *= D d (B). Vdy A H’BA’ Id dnh cua A HBA A 
qua phep doi xtfng true D d . Ta c6 

A HBA A ABC nen A H’BA’ ~ A ABC do d6: A -°- = = — 

H B H A AH 

X6t phep vi tuV ta c<5: A= V (H’), C = V, B= V M] <B) 

I b a.«J I b -ahJ 

Hay A ABC Id anh cua A HBA qua phdp d6ng dang thu duqc tit vi*c thuc 

hi§n lien tiep phep doi xufng qua ditfmg phan gidc cua g6c B vd phep vi tii 

*- n *• a - AC 
tam B, ti so -. 

AH 

III. Cau hoi trdc nghi§m. 

1. Khdng dinh ndo sau ddy dung? 

(A) Phep d£ri hlnh Id ph6p d6ng dang tl 

(B) Ph6p ddi hinh Id ph6p dong dang ti 

(C) Ph6p d&i hlnh Id ph6p dong dang ti 

(D) Phdp d&i hlnh Id phdp dong dang ti 

2. Khdng dinh ndo sau ddy dung? 

(A) Phep vi kf ti ad k Id phep d6ng dang ti s6’ -k ; 

(B) Ph6p vi Ut ti k Id phep dSng dang ti s6 k; 

(C) Phdp vj tir ti stf k Id phdp d6ng dang ti sd 1^1; 

(D) Phdp vi tif ti s6 k Id ph6p d6ng dang ti s6 

3. Khdng dinh ndo sau ddy sai? 

(A) Phdp dong dang bien ba diem thdng hdng thdnh ba diem thidng 
hang vd bdo todn thuf tu giCfa ede diem d’y; 

(B) Phdp d<$ng dang bien difdng thdng thdnh di/dng thdng; 

(C) Phdp dting dang bi6n tam gidc thdnh tam gidc bdng n6; 


stf bdng -1; 
so bdng 1; 
so bdng ~ ; 

so bdng - - 
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(1)) Phap dong dang bien dudng Iron ban kfnh R thanh dudng trbn bAn 
kinh k R 

4. (’ho A(2; 5), B(4; 3), goi A’, B’ 1A anh cua A, B qua phAp dong dang ti so 

- 1 2 3 , do dAi doan th&ng A’B’ 1A: 

4 

(A) 2j2 ; (B) 3V2 ; (C) ;(D) 72. 

2 

5. Goi A 2 , B 2 1A anh cua A. B qua phap dong dang lien tiep lan lifpt c6 ti so 
1A 2 vA 4. Kh4ng dinh nAo sau dAy dung? 

(A) A 2 B 2 =2AB ; (B) A 2 B 2 =4AB ; 

(C) A 2 B 2 =6AB (D) A 2 B 2 =8AB 

IV. Dap &n______ 


Cau 

1 

2 

3 

4 

5 

BAp an 

(B) 

(C) 

(C) | 

(C) i 

(D) 


cAu h6i 6n tap chlTc^ng i 


1 . The' n&o Id myt phap bien hinh, ph6p ddi hinh, phap dong dang? Neu 
m6i li£n h§ gitfa ph6p ddi hinh vA phdp dong dang. 

Tra lefi 

• PhAp big'n hinh la quy tAc dat tifcmg dng moi diem nAm trong mat ph&ng 
vdi mot dicsm xAc dinh duy nhd't M’ cua mat phang d6. 

• PhAp ddi hinh 1A ph4p bi£n hinh bao toAn khoang cAch gida hai di»?m bAt ky. 

• Ph6p dong dang 1A phAp bi£n hinh thoa man: Neu M, N vA Anh M\ 
tuong dng cua chung qua phAp bien hinh thi ta c6: M’N’ = k.MN (k 1A ti 
dong dang). 

• Ph6p ddi hinh 1A trddng hop dac bi$t cua phAp d6ng dang. PhAp dong 
dang ti s£> k = 1 1A ph6p ddi hinh. 

2. a) Hay kf? cAc phAp ddi hinh da hpc? 

b) PhAp d6ng dang c6 phAi 1A phAp vi td kh6ng? 

Tra toi 

a) CAc ph4p ddi hinh da hoc la: phAp d6'i xdng tAm, phAp ddi xilng true, 
phAp tinh tiAh, phAp quay. 

b) PhAp d6ng dang khdng phAi la mot phap vi td. 
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3. Hay neu mot so tinh chat dung vdi phep dpi hinh mi khong diurg dfii vdi 
ph6p dong dang. 

Tra lifi 

CAc ti'nh chfit sau diy chi c6 d ph6p dfiri hinh. 

• Bio toin khoang cich gitfa hai di§'m bit ky. 

• Bi£n doan thing thinh doan thing.bang n<5. 

• Bien tam giic th&nh tam giic bang n6. 

• Bia'n dudng tr6n thinh ditdng tr6n cung bin kinh. 

4. Th£ nio li hai hinh b&ng nhau, hai hinh dong dang vcri nhau? Cio vi du 

Tra lifi 

• Hai hinh dupe goi li bang nhau neu ton tai mot ph4p ddi hinhi lien iinh 
n ky thinh hinh kia. 

• Hai hinh dupe goi li dong dang vdi nhau neu tin tai mpt ph6p ding 4ang 
bien hinh nky th&nh hinh kia. 

• Vi du 

1) Cho tam giic can ABC (tai A), du&ng cao AH. Khi d6 ta co A HAB = \ UPC vi 
ph6p doi xtfng true D/\h bien A HAB thinh A HAC. 



2) Cho tam giic ABC. Goi A’, B\ C’ lan lupt lh trung di£m cua ciic -anh BC, 
CA AB. Ta c6 A ABC - A A’B’C’. Vi c6 phep d6ng dang ti s5 k = — oi£n tam 
giic ABC th&nh tam gidc A’B’C’ (vi AB = 2A’B’, AC = 2A’C’ vi BC = 23’C’) 


A 
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5. Cho hai diem phSn bipt A, B vb dudng thbng d. Hay tim mot phbp tinh 
tien, ph6p d<>i xufng true, phbp doi xufng tam, phep quay, phbp vi tu. 

a) Bien A thbnh chinh nb 

b) Bi§n A thbnh B. 

c) Bi&i (1 thbnh chinh n6. 

Trd leri 

a) PhPp tjnh tibn theo vecto 0, phbp doi xufng tbm A, phbp d6'i xufng true lb 
dudng th^ng di qua A, phbp quay, g6c quay bkng 360°, phbp vi tu tdm A, 
bibn A thanh chinh n6. 

b) Phtp tinh tibn theo vecto AB, phbp doi xufng tbm vdi tam doi xufng lb 
trung dib’m cua AB, phbp dfl'i xufng true, vdi true 14 dudng trung trite cua AB 
phbp quay tam lb trung diem cua AB, goc quay 180°, phep vi tu tam la 
trung diem cua AB, ti s6 -1. 

c) Phbp tinh tibn theo vecto chi phuong cua d, phbp doi xufng true, vOi true 
lb dudng thSng d, phbp do'i xufng tam, vdi tam nbm tren d, phep quay 360°, 
phbp vi tu c6 tam vi tu nam tren d. 

6. Neu each tim tbm vi tu cua hai dudng trdn. 

Trd l&i 


Cho hai dudng trbn (I; R) vb (I’; R’). Khi d6 ta c6 ebe trudng hop sau: 
• Truing h<?p 1: I trung vdi I’. M* 


Khi d6 phbp vi tif H .^ vi R .^ 

bibn dudng trbn (I; R) thanh dudng trbn 
(I’; R’). Thfit vfty, goi M lb diem thuoc 
<I;R)va M’= V, k .,(M). 

(’•I) 

__ _ • _ 

olM' = ~.IM hay M’ lb giao dibm cua 
R 

tia IM vdi (1; R) do dd M’ thupc (I’; R’). Vby 

<F; R’) lb dnh cua (I; R) qua V, . Tucmg tu cho phbp vi tu 



Vby I lb tbm vi tU cua hai dudng trbn trbn. 
• Trrfdng h^p 2: I khbc I’ vb R * R’ 
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Lk'y diem M bk't ky thuoc ddkng tr6n (I; R), dddng th^ng qun I’ song 
song vfli IM ckt dddng trkn (I'; R’) tai M’, M” . Gik stt MM' ckt II’ tai diem 
O, MM” ckt II’ tai Oi (trong doan II,). 

X6t phkp vi td V. K ta cd V H (M) = M’ 

K K) 

Hay (I’; R’) Ik anh cua (I; R) qua V, R . 

v ' R i 

Vay O lk tkm vi td cua (I; R) vk (I’; R’) 

Tdong td ta c6: (I’; R’) cung lk anh cua (I; R) qua V, . 

l°" r J 

Vky O, lk tkm vi td cua (I; R) vk (I’; R’) 

Ta goi O lk tkm vj td ngoki, O, lk tkm vi td trong cua hai ddirng trkn trkn. 

• Tnfcfng htfp 3:1 khke I’ vk R = R’ 



Khi d6 MM’ // II’ , goi O, lk giao dik’m cua MM” vk II’ 

Xkt V, ta c6 V M” thu§c (F; R’) hay (I’; R’) Ik knh cua (I R) 


Vky Oi lk tkm vi td cua (I; R) vk (I’; R’). 
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bAi TAP ON TAP CHtfdNG I 



Biii I. Cho luc giac deu ABCDEF tam O. Tim £nh cua tarn gidc AOF 

a) Qua phdp tinh tien theo vecttf AB 

b) Qua ph£p doi xdng qua difdng thang BE 
ci Qua phdp quay tam O g6c 120°. 

Gidi 

a) Ta co: T a 11 (A) = B, T AR (F) = O, T AU (0) = C 
nen lam gidc BCO lh anh ciia tam gidc AOF qua T A|j 

b) Diie(A) = C (vi ttf gidc ABCO 1& hinh thoi nen 
AC va BO vu6ng g6c vdi nhau tai trung diem cua 
AC va BO). 

Ti*mg tu Due(F) = D vk Dbe( 0) = O (vi O thuoc BE). 

Vay tam giac COD la anh cua tam giac AOF qua Dbe 

c) Sd(OA,OE) = sd(OF, OD) = 120° vk OA = OE, 

OF = OD nen Q (012rfl) <A) = (E), Q (oi ^,(F) = DvJ 

V| (0) = ° 

Vdy lam gidc EOD la dnh cua tam giac AOF qua |2o „j 

Bai 2. Trong mat phiing toa do Oxy, cho di«?m A(— 1; 2) vk difdng tiling d c6 
phitong trinh 3x + y + 1 = 0. Tim anh cua A vk d. 

a) Qua phdp tinh tiSn theo vecto v = (2;1) 

b) Qua ph6p doi xiing true Oy. 

c) Qua phdp doi xufng qua goc toa do 

d) Qua ph6p quay tdm O goc 90°. 

Gidi 

K-l*2 fx’ = l • 
jy = 2 +1 [y = 3 

hay A’(l; 3) ta thd’y A e d 

do d6 dtf&ng thftng d’ qua A’ va song song vdi d la anh cua d qua T v 
d’: 3(x - 1) + l(y - 3) = 0 « 3x + y - 6 = 0 


a) l*oi A'(x'; y’) la dnh ciia A qua T v ta c6 
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b) Goi A’ la £nh cua A qua phOp doi xUrng qua Oy ta c6: 
hay A’(l; 2), ta thA'y A e d nen A ’ e d ’ la anh 

cua d qua ph6p d6'i xufng qua Oy 

Cho M(0; -1) o Med goi M’ la dnh cua M qua ph§p doi xufng qua 
Oy do d6 

d': 3(x — 1) — l(y — 2) = 0 <=> 3x - y - 1 = 0 

c) Goi A’ la inh cua A qua phOp d6'i xtfng qua gtfc tpa d§, khi d6: 
x‘ = -(-1) fx 1 = 1 

<=>< hay A’(l; —2), ta thay A e d nen dufrng th^ng d’ Ji 

y 1 = -2 ly = -2 

qua A’ va song song vdi d la dnh cua d qua phep dd'i xtfng qua goc toa dp 
d 1 : 3(x - 0 + l(y + 2) = 0 o 3x + y - 1 = 0 

d) Goi A’(x’; y’) la £nh cua A qua Qj O90 c,) 



ta c6 OA‘ = (xy'), OA = (-1;2) suy ra jOA j = ^x ' 2 + y ' z 
va |6 a| = yj(- 1) 2 + 2 2 = V5 . Khi d6: 


OA.OA ‘ = 0 -x'+ 2y' = 0 (x' = 2 

|oa| = |oa j ° (Vs = Vx'^y' 2 ° ly’ = i 


ho$c 



nhiftig g6c quay ducfng n£n A’(—2; —1), goi d' = Q| 0 ^(d) ta co d' 1 d Suy ra 
n = (—1;3) la vectcf phdp tuyen cua d’ 

Do do d': -l(x + 2) + 3(y + 1) = 0 ox -3y - 1 = 0 (Vi A - e d ) 

B6U 3. Trong mat ph&ng tpa d6 Oxy, cho dudng tr6n tarn 1(3; -2), bdn kinh 3. 

a) Viet phuong trinh cua dudng trOn d6. 

b) Viet phuong trinh anh cua dudng tr6n (I; 3) qua phOp tinh ti£n theo 
vecto v = (-2; 1). 

c) Viet phuong trinh anh cua dudng tr6n (I; 3) qua ph6p ddi xufng true 
Ox. 

d) Viet phuong trinh anh cua dudng tr6n (I; 3) qua ph6p doi xufng qua 
goc tpa dp. 

Giai 

a) Phuong trinh dudng trdn tAm 1(3; -2) ban kinh R = 3 la: 

(x - 3) 2 + (y + 2) 2 = 9 
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b) <ioi 1 1,; II,) lh anh cua (I; R) qua T v , khi do 

lx - 3 _ -2 x I 

II. ' < :• ‘ 1 hay 1.(1; -1) vh R. R 3 

ly ,+2 = 1 .y, 1 ' 

do do d fdng trbn anh cua (I; R) c6 phtfdng trinh: 

x l)* + (y + 1 )* = 9 

c) dpi (i 2 ; R 2 » lh anh cua dating trbn (I; R) qua phtfp doi xtfng true Ox 

( X ; 3 

Ta c6: 2 hay I 2 (3; 2) va R 2 = R = 3 non (I 2 ; R..) c6 phtfdng trinh: 

b. - 2 

x - 3) 2 + (y - 2) 2 = 9 

d) Gpi itftfng Iron (I 3 ; R 3 ) lh anh cua dtftfng trbn (I; R) qua phep doi xtfng 
qua got toa do, suy ra I 3 d 6 i xtfng vtfi I qua goc to a do. 

x. = -3 

Do dO hay I 3 (—3; 2) va R, = R = 3 nen (I 3 ; R.i) cb phtfeng trinh: 

y : , -- 2 

x 4 3)* 4 (y - 2)* = 9 

Bai 4. Cho veetd v, dtftfng thhng d vuong gbc vtfi v . Gpi d’ lh hnh cua d 
qua phep tinh tien theo veetd ^ v. Chtfng minh rhng phep tinh tien theo 

vecto v lh ket qua cua vipc thtfc hien lien tiep chc phtfp doi xtfng qua chc 
dtftfng thhng d vh d’. 

Gidi 

Vtfi M lh diem bat ky trong mht phhng, 
gpi M’ = D,|(M), M” = D,i (M’). 

Ta co KM* 1 d, M’M” 1 d’, d // d’ 

Suy ra MM"ld, MM"Id’. Gpi I, 1’ lan 
ltfpt lh jiao diem cua MM’ vtfi d, d’. 

Khi dtf IM = -IMI'M' = -I'M" 

Suy ra: MM" = Mi + IM' 4 M’!' + I'M" 

- 2iM’+2MT 
= 2(IM'4 MT) 

= 211 ' 

mh II' -v nen MM" 2. —v = v 
2 2 
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Vay phPp tjnh tie’n theo vectcf v da dUcfc phSn tich thPnh hai phcp doi 
xtfng true 

Bai 5. Cho hinh chCf nhpt ABCD. Goi O IP tSm dfi'i xtfng cua no. Goi I F, J. 
E lan ludt IP trung diem cua cPc canh AB, BC, CD, DA. Tim anh cua tam 
giPc AEO qua phdp dong dang c6 dupe tir vipc thUc hi§n lien ti§'p> phcp d6'i 
xtfng qua duifng thing IJ vP phPp vi tu tPm B, ti sd' 2. 

Giai 

Xet ph6p doi xtfng true Du vi ABCD IP hinh chtf nhpt nen IJ 1 AB wp IA = IB 
(I IP trung di£m ciia AB, J IP trung diem CD). 

Do d6 Du (A) = B 
Tuemg tu: Du(E) = F 
Vi O thuoc IJ n£n D,j(0) = O 
X6t phpp vi tif V (B . 2 i, ta c6 V (Bi 2| (B) = B 
Vi F vP O lPn lupt IP trung diem cua BC I 
vP BD nen V ( b, 2 ) (F) = C, V(b, 2 )(0) = D 
VPy tam giPc BCD IP anh cua tam gipc 
AEO qua phPp d6ng dang trpn. ^ 

Bai 6. Trong mPt phing tpa do Oxy, cho duifng trbn tPm 1(1; -3), bPn kinh 
2. Viet phucfng trinh Pnh ciia duifng tr6n (I; 2) qua phdp dong da rag c 6 duuc 
tif viPc thUc hipn li@n tiP'p phdp vi tu tPm O ti stf 3 vP ph6p d6'i xtfng. true 
qua true Ox. 

Giai 

Goi duifng trim (Ij; RD IP Pnh cua duifng trim (I; 2) qua phPp vi tu V (0 , 3) . 
Khi d6 OL =30io C l= ® hay 1,(3;-9) vP R, = 3.2 = 6 . 

ly. = ~ 9 

Goi duifng tr6n (I 2 ;R 2 ) IP anh cua duifng tr6n (I,;R,) qua phdp doi xtfng 
true qua true Ox. 

Ta c6 I* 2 X| <=> I* 2 ^ hay I 2 (3; 9) 

ly 2 = -y, ly. = 9 

VP R 2 = R| = 6 do d6 duifng tr6n (I 2 ; R 2 ) c6 phuung trinh: 

(x - 3) 2 + (y - 9) 2 =36 IP anh cua duifng tr6n (I; 2) qua p>hPp dflng 
dang n6i trPn. 

Bai 7. Cho hai di£m A, B vp duifng trbn tam O khdng c6 diem chung vdi dt©ng 
thPng AB. Qua m6i di6m M chay tren duifng trim (O), dung hinh binh hanh 
MABN. Chtfng minh rPng diem N thuoc mot duifng trim xac djnh. 
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Giai 


TYf gidc MABN 14 hinh binh 
h&nh khi va chi khi MN AB . 

Vay N 14 anh cua diem M qua T AB . 

Vi Me(0) nen Ne(O’) 14 anh cua 
dddng tr6n (O) qua T AB . 



CAU HOI TRAC NGHIEM CHlftfNG I 


1 Trong cdc phdp bien hinh sau phdp n4o khong phii phdp ddi hinh. 

(A) Phdp chidu vuong gdc len mot duftng thing 

(B) Phdp dong nh§'t 

(C) Phdp vi td ti so -1 

(D) Phdp ddi xtfng true 

Giai 

Trong c4c phdp bien hinh trdn thi phdp chidu vuong g6c len mpt dudng 
di/dng thing khdng phai phdp ddi hinh vi n6 khdng Mo to4n khoing c4ch 
gitfa hai di£m bit ky. V4y ddp dn (A) Id dung. 

2. Trong c4c m§nh de sau, menh de n4o sai? 

(A) Phdp tinh tidn bidn dudng thing thinh dudng thing song song ho4c 
trung vdi n6. 

(B) Phdp ddi xdng true bid’n dudng thing thdnh dudng thing song song 
hodc trung vdi n6. 

(C) Phdp doi xtfng tain bitfn dudng thing th&nh dudng thing song song 
hofic trung vdi nd. 

(D) Phdp vi tu bidn dudng thing th&nh dudng thing song song hoSc 
trung vdi no. 

Giai 

Phdp do'i xiifng true bidn dudng thing thinh dudng thing song song ho4c 
trung vdi n6 chi khi dtfdng thing dd song song vdi true. V£y ddp 4n (B) 
14 sai. 
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3. Trong mSt piling Oxy cho dtrtfng thing d co phOOng trinh 2x - y ^ 1 = 0. 
De ph6p tinh tien theo vecto v bien d thanh chinh no thi v phai In vecto 
nho trong cdc tri/Ong hop sau: 

(A) v = (2; 1) ; (B) v(2;-1) ; 

(C) v = (1;2) ; <D)v = (-l;2). 


Gidi 

Ph6p tinh tii’n T biS'n d thanh chinh n6 khi vecto tinh tien v la 
m$t vecto chi phtfong cua d. VSy dip in (C) dung. 

4. Trong mat phing toa do Oxy, cho v = (2; -1) vh diem M(-3; 2). Anh eua 
dilm M qua phip tinh tien theo vecto v la diem c6 toa do nao trong cdc 
toa d$ sau? 

(A) (5; 3) ; ■ (B) (1; 1) ; (C)(-l;l) ;(D)(1;-1), 

Gidi 


Goi M’(x’; y’) la anh cua M qua T v ta c6: MM 1 = v 
fx'+ 3 = 2 f x' = -1 


[y*- 2 =■ -1 [y' = 1 


hay 1) 


Vdy dap dn (C) dung. 

5. Trong mat phing toa d?> Oxy cho difbng thing d c6 phoong trinh: 3x - 2y +- 1 = 0. 
Anh cua difcmg thing d qua phip doi xtfng true Ox c6 phoang trinh lh: 

(A) 3x + 2y + 1 = 0 ; (B) -3x + 2y + 1 = 0 ; 

(C) 3x + 2y -1 = 0 ; (D) 3x - 2y + 1 = 0 . 

Gidi 


M ( a; ^ | e d , goi M’ la anh cua M qua ph6p doi xtfng qua true Ox, khi d6 


y = 


3a+ 1 «=>2y’ = -(3x'+l)» 3x'+ 2y'+l = 0 


V$y d’ la anh cua d thi d’: 3x + 2y +1 = 0 , do do dip dn (A) dung 

6. Trong mat phing toa dp Oxy cho dubng thing d c6 phtfmg trinh: 3x - 2y - 1 = 0. 

Anh cua doing thing qua ph6p ddi xufrig tim O c6 phOOng trinh la: 

(A) 3x + 2y + 1 = 0 ; (B) -3x + 2y - 1 = 0 ; 

(C) 3x + 2y - 1 = 0 ; <D) 3x - 2y - 1 = 0 
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Giai 

M(l; 1) e d, goi M’ Id Snh cua M qua Do, khi d6 
hay M'(-l;-l) vd song song vdi d,do d6 d’: 3(x + 1) - 2(y + 1) = 0 

<=> - 3x + 2y - 1 = 0. V§y ddp dn (B) dung. 

7. Tr«ng cdc m§nh dd sau m$nh d6 ndo sai? 

(A) C6 mot ph6p tinh tie’n bien moi diem thdnh chinh nd; 

(B) C6 m6t phdp dfii xiing true bi(fn moi di£m thdnh chinh n6; 

(C> C6 m6t phdp quay bidn moi dilm thdnh chinh n6; 

(D> Co mot phdp vi tu bi£n moi diem thdnh chinh n6. 

Giai 

Moi tlilm doi xufng true chi bidn moi diem tren true thanh chinh n6. Vay 
ddp dn(B) sai. 

8. Hinh vuong cd may true doi xtfng? 

A) 1 ; (B) 2 ; (C) 4 ; (D) vo s6'. 

Giai 

Hinh vuong cd true doi xtfng la hai dudng chdo vd hai dtfdng th&ng 
di qua hai trung diem cua cap canh doi difn. Vdy ddp dn (C) dung. 

9. Trong cdc hinh sau, hinh ndo c6 v6 s6' tarn dtfi xtfng? 

A) Hai dtfdng thang cdt nhau ; (B) Dtfdng Blip; 

C) Hai dtfdng th&ng song song ; (D) Hinh luc gidc d&u. 

Giai 

Hai tliitng thflng song song cd vo so' tam do'i xiing n&m tren dtfdng th&ng 
song song edeh deu hai dtfdng thing d6. Vay ddp dn (C) dung 

10. Troag cdc m$nh d$ sau, menh de ndo sai? 

(A> Hai dudng thang bd't ky ludn ddng dang; 

(B)t Kai dudng trdn b6’t ky ludn dong dang; 

(C> Kai hinh vudng bat ky ludn dong dang; 

(D!) Kai chiir nhat bdt ky ludn d6ng dang; 

Giai 

Oho hai hinh chtf nhdt ldn ltfot c6 cdc kich thtfdc Id a;b vd a’:b’ nd'u 

a b 

— * — thi khdng tdn tai phdp ddng dang ndo bid’n hinh ndy thdnh hinh 
a’ b 

kia, nea hai hinh chtf nhdt cd kich thude nhu trdn la khdng d6ng dang. VSy 
dap dtn(D) sai. 
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chi/cJng II 

Dl/dNG ThAnG vA MAT PhAnG TRONG KHONG GIAN 
QUAN Hfi SONG SONG 

C 

§1. DAI ClJtfNG v£ DlftfNG ThAnG VA MAT PHANG 

I. Tom tit ly thuy£t 

1. Cac tinh chat thufa nh$n 

* Tinh chift 1: C6 m$t va chi m§t duPng th£ng di qua 2 diem ph&n bi$t. 

* Tinh chat 2: C6 mpt vh chi m£>t mat phang di qua 3 di&m khdng thiing hang. 

* Tinh chfit 3: Ndu m$t di/Png thang c6 2 di<?m phan bidt thuoc mot mat 
phing thi moi di<?m cua dudng thang d4u thuoc mat phang dd. 

* Tinh chSt 4: Tfin tai bdn diem khdng cung thupc m$t mat phang . 

* Tinh ch£t 5: N6u 2 mat ph&ng phan bi$t c6 m$t di(?m chung thi chung 
c6n 1 diem chung khdc niia. 

* Tinh chat 6: Tr§n m6i mat phlng, cdc k£t quA da biSt trong hinh hoc 
phing dlu dung. 

2. Cac cdch xac dinh m$t ph^ng: co 3 each 

* Mat ph&ng dupe hokn toan xAc dinh khi bi£t n6 di qua 3 diem khdng 
thang hang. 

* Mat phing dupe hoAn toan xAc dinh khi bi£t nd di qua m$t di(?m va 
chtfa mdt duftng thing khdng di qua di£m d6. 

* Mat phing dupe hokn toan xAc dinh khi bi£t n6 chUn 2 dUtmg thing cat nhan. 

II. Bai tgp can bin 

Bai 1. Cho diem A khdng n&m trdn mat ph&ng ( a ) chUa tam gidc BCD. 
Lfi'y E, F la c6c diem ldn lupt n&m trdn canh AB, AC. 

a) Chiing minh dudng thing EF nAm trong mat phAng (ABC) 

b) Khi EF cAt BC tai I, chiing minh I la di£m chung cua hai mat phAng 
(BCD) va (DEF) 

Gidi 

a) Ta c<5: 

Vi 

EeAB^Ee (ABC) 

F e AC => F e (ABC) 
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tkrtmg thAng EF nhm trong mp(ABC) 


b) V, 


BC > 1 . 
EF I« 


(R(’B) 

(DEF) 


I !A diom chung cua 2 mat. phAng 
(BCD) va (DEF). 

Biti 2. Goi M la giao diem cua di/crng thAng 
d vA mat ph&ng (u). Cluing minh M la 
dii'in cbung cua (a ) vdi moi mAt phAng bat 

ky cluia d. 

Gidi 


Gpi (p) la mAt phAng bat ky 
chi'fa diidng thAng d. 

Khi do M e d => M e (p) vA Me (a) 
=> M la difi’m chung cua (a) vA (P) 

M 1A di£m chung cua (a) vdi moi 
mAt phAng bat ky chifa d 




Bai 3. Cho 3 dudng thAng di_ d 2 , d 3 khong ciing nAm trdn 1 mAt phAng vA 
c&t nhau ttfng doi mot. Chtfng minh 3 dufdng thAng tren dong quy. 

Gidi 

Gia sd d|, d 2 , d 3 khong dong quy. Tdc 1A: dj l£n liftft cdt d 2 vA d 3 tai 
A vA B. 

Goi a 1A mAt phAng qua 2 dilitng thAng c&t nhau d 2 vA d 3 . Khi dd: 


A c (cx), B e (a) vA A e d,, Bed, 

=> d| nAm trong mAt phAng (a) 

=> di, d 2 , d 3 cung nhm trdn 1 mAt phAng (trdi vdi gia thiet) 
=> d,. d 2 , d 3 dong quy. 
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Bai 4. Cho bon diem A, B, C, D khong dong phang. Goi G,\, Gb, G<;, D|> !:sn 
Itfot lk trong tam cua ckc tam gikc BCD, CDA, ABD, ABC. Chdng miih 
rftng AG a , BGb, CGc dong quv. 

Giai 

Goi M, N, K lkn luot lk trung 
dik’m cua CD, BC, BD. 

Khi d6: 

G a e BM ^ AG a c (ABM) 

G„ e AM => BG b e (ABM) 

=5 AG a c^t BG b B 

Ttfong tii: AG a c (ACK);CG c c (ACK) 

=> AG A cat CG c 

vk BG„ cat CG f (Vi BG c , CG B ckt C 

nhau tai trung di<?m AD). 

=> AG A , BG b , CG ( . dong quy (bki tap 3) 

Hokn tokn titong tU: BG b , CG t . ,DG d dong quy => AG a , BG„, CC ( ... DG d 
dong quy 

Bai 5. Cho tuf gikc ABCD nkm trong mat phkng (a ) c6 hai canh A1 vk CD 
khdng song song. Goi S Ik diim nkm ngoki mkt phkng (a ) vk M k trung 
diem doan SC. 

a) Tim giao dik’m N cua dtfkng thang SD vk mat phkng (MAB). 

b) Goi O lk giao diem ciia AC vk BD. Chiifng minh ba dtfdng thk»g SO, 



AM, BN dong quy. 

Giai 

a) Giao diem Sj cua SD vdi (MAB). Chqn mat 
phkng phu (SBD) chufa SD. Goi O lk giao 
dilm cua AC vk BD vk I lk giao di£m cua SO 
vk AM thi (SBD) fl(ABM) = BI. Goi N lk 
giao dit?m cua BI vk SD (trkn mkt phang 
(SBD)) thi N lk giao diem cua SD vk mp 
(MAB). 

b) Theo cku a) ba diikng thang SO, AM vk 
BN ddngquy tai I. 
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Bui 6 Cho -1 diem A, B, C vA D khong dong phAng. Goi M, N lan loot la 
trung diem cua AC’ va BC. Tren doan BD lay diem P sao cho BP = 2PD. 
a) Tim giao diem cua dif&ng thAng CD va mAt phflng (MNP) 

1<) Tim giao tuyen ciia 2 mat phang (MNP) va (ACD). 

Gidi 

a) Ta c6: 

NP khong 1A dUOng trung binh cua 
tam giAc BCD nfen NP cAt CD tai 1. 

=> I e CD va I e (MNP) n£n I la giao 
difi’m cua CD vdi mat phang (MNP) 

b) Ta cb: M va I 1A hai diem chung 
phan hiet cua hai mat phang (MNP) 
vA (ACD) nen giao tuyen cua hai mAt 
phang (MNP) va (ACD) la dUOng MI. 

Biii 7. Cho bo’n diem A.B, C, D khong dong phang. Goi 1, K lan loot 1A 
trung diem ciia hai doan thAng AD va BC 

a) Tim giao tuyfe'n cua 2 mat phang (IBC) vA (KAD) 
h) Goi M vA N 1A hai diem lan loot lay tren doan thAng AB vA AC. Tim 
giao tuyen cua 2 mat phang (IBC) vA (DMN). 

Gidi 

a) Ta co: 

I e AD => I e (KAD) => 11A diem chung ciia 2 mat phang (KAD) vA (IBC). 

K e BC => K e (IBC) => K 1A giao di&n 
chung cua 2 mat ph&ng (KAD) vA (IBC) 

Vay (IBC) D(KAD) = IK 

b) Trong mAt phang (ACD), goi E 1A giao 
diem ciia Cl vA DN. 

Trong mAt ph&ng (ABD), goi F lA’gmo diem B 

ciia BI vA DM 

=> E, F 1A 2 diem chung phAn biet cua 2 mAt 
ph&ng (IBC) vA (DMN) nAn (IBC) fl (DMN) = EF 
Bai 8. Cho tut di£n ABCD. Goi M, N iAn loot 1A trung diem ciia cdc ognh AB 
vA CD, trAn canh AD lA'y diem P nhung khong trung vdi trung diem cua AD. 

a) Goi E 1A giao diem ciia duUng thAng MP vA duOng thAng BD. Tim 
giao tuyA'n ciia 2 mat phang (PMN) va (BCD) 

b) Tim giao diem ciia mAt ph&ng (PMN) vA BC. 



A 
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Giai 


a) Ta c6: 

E e MP => E e (PMN) 

EeBD aEe (BCD) 

=> E 14 diem chung cua 2 inp(PMN) 
vd (BCD) 

Ma N e (PMN) vi N e CD 
=> N e (BCD) 

=> N IS diem chung cua 2 mat phing 
(PMN) va (BCD) 

Viy (PMN) (1 (BCD) = EN 

b) Trong mat phing (BCD) goi K la giao di£m cua 2 dudng thing EN va BC. 
Khi dd: K e EN => K e (PMN) va K e EN 

V|y I la giao di£m cua mp (PMN) va BC . 

Bdi 9. Cho hinh ch6p S.ABCD c6 ddy ABCD li hinh binh hanh. Tron? mat 
phing (ABCD) vk dudng thing d di qua A va khdng song song vdi cdc canh cua 
hinh binh hanh, d cit doan BC tai E. Goi C’ li mdt diim n&m trdn canh SC. 

a) Tim giao diim M cua CD va mp (C’AE) 

b) Tim thiit di£n cua hinh chdp cit bdi mp (C’AE). 

Giai 



a) Vi d khdng song song vdi canh hinh 
binh hanh n§n goi M la giao diim cua d 
va CD 

M e CD vi M e AE => M e (C'AE) ’ 

=> M la giao difi’m cua CD vi (C’AE) 

b) Trong mp (SCD), gpi P li giao diim cua 
SD vi C’M 

Trong mp (SBC), goi Q la giao diim cua 
SB vi C’E 

=> Thifi't di§n cdn tim la tit di§n APC’Q 



Bdi 10. Cho hinh chdp S.ABCD cd AB vi CD khdng song song. Goi M la 
m$t diim thu§c miin trong cua tam gidc SCD. 

a) Tim giao di£m N cua duftng thing CD vi mat phing (SBM) 

b) Tim giao tuydn cua hai mat phing (SBM) vi (SAC) 
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b) Ti m giao tuyen cua hai mat phAng (SUM) va (SAC) 

c) Ti in giao diem I cua chfcfng thAng BM va mat phang (SAC) 

<ii Tim giao diem P cua SC va mat phAng (ABM), tt/ do suy ra giao 
luyon ciia hai mat phAng (SCD) va (ABM). 

Giai 

a) Tritn mp (SCD) goi N ia giao diem cua SM vA CD 
=> N la igiito diem cua CD vA mp (SBM) 
b>Goi Q ia giao diem cua BN va AC (tren 
mAt phAng (ABCD)). 
rv S va Q la 2 diem chung cua 2 mat 
phftng (SBM) vA (SAC) 

=> (SBM) D (SAC) = SQ 

c) Goi 1 Ik giao diem cua SQ v;\ BM (tren 
mat phdnig (SBM)) 

Vi SQ i- ( SAC) => I la giao diem cua BM 
vA mp(SAC) 

d) Tren mp (SAC) goi P IA giao diem cua AI vA SC 

Vi I < BM AJ c (ABM) P IA giao diem cua SC vA mp(ABM). 

Tren mp (SCD) goi K ia giao diem cua SD vA PM 
Vi K e PM => K e (ABM) 

=> 2 mflt phang (SCD) vA (ABM) c6 2 di£m chung P vA K 
^ (SCD) fl(ABM) = PK 

III. Cau hoi triic nghi£m 

1. Trong <cac menh de sau day, menh dA nao sai? 

(A) Hai mAt phang co mot di&n chung thi chung co v6 sS diem chung khAc nCte; 

(B) Hai mat phang co mot di&n chung thi chung c6 mot dudng th&ng 
chung duy nhAt; 

(C) Haii mat phang phAn bi&t c6 mot diA’m chung thi chung cd mAt dddng 
thAng chung duy nhat; 

(D) Hai mAt phang cung di qua 3 diem A, B, C khong thAng hAng thi hai 
mat ph.slng do trung nhau. 

2. Thiet di£n ciia mqt tit diqn c6 the la: 

(A.) Tam giAc (B) Td giAc 

(C ) Ngu giac (D) Tam giac hoAc tuf giAc 
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3. Cho hinh vg. 



Khang dinh n4o sau dfiy dung. 

(A) Giao tuyg'n cua 2 mp (MAC) v4 (ACD) la AC; 

(B) Giao tuyg’n cua 2 mp (ABM) vk (AMD) la AM; 

(C) Giao tuyen cua 2 mp (MBC) v4 (MCD) 14 MC; 

(D) Giao tuyg'n cua 2 mp (MBC) vk (BCD) la BC. 
4. Cho hinh ve: 


s 



(A) Giao tuyfi'n cua 2 mp (OAB) vk (OCD) 14 AC; 


(B) Giao tuyen cua 2 mp (SBD) v4 (ABCD) 14 BD; 


(C) Giao tuyen cua 2 mp (SAC) v4 (SBD) 14 SA; 


(D) Giao tuyg'n cua 2 mp (SAD) vk (SBC) 14 SO 


5. Cho hinh ve 
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Khing dinh nao sau day sai: 

(Ai G la giao diem cua dOfrng thing AG va mot mat piling (BCD); 
(R) Giao tuye’n cua 2 mat phflng(AMB) vk (BCD) la BM; 

((') G li giao diem cua dicing thing AG vi mat phing (ABC); 

(I)) Giao tuyen cua 2 mp (ABG) va (ADGi la AG. 

IV. Dap an _ 


Cau 

1 

2 

3 

_1 5 1 

DAp an 

(B) 

(D) 

(A) 

(B) 

<C) | 


§2. HAI DLfCfNG THANG CHEO NHAU VA 
HAI Dl/CfNG THANG SONG SONG 


I. Torn tat ly thuyet 

1. Vi tri ttfrtng doi ciia hai dOong thing trong khong gian 



2. Tinh chat 

• Djnh li 1: Trong khong gian. qua m&t diem kh&ng nim tren doing thing 
clio trOdc, c6 mdt vh chi mot dodng thing song song vdi doing thing da cho. 
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• Binh li 2: Nfiu ba mat phing d6i mfit cit nhau theo ba giao tuyfe'n thl 
ba giao tuyfi’n d6 hofic ding quy hofic ddi mpt song song 

• Hfi qui: Nfiu hai mfit phing phfin bifit lin ldot chda hai dodng thing 
song song thi giao tuySn cua chung (n£u c6) cung song song vdi hai dddng 
thing d6 hofic trung vdi m§t trong hai dirtmg thing d6. 

• Binh li 3: Hai dddng thing phSn bifit cung song song vdi dudng thing 
thd ba thi song song vdi nhau. 

II. Bai tfip cdn bin 

Bai 1. Cho td difin ABCD. Goi P, Q, R vfi S la bdn di£m lin ldgt lfi'y trfin 
b6n canh AB, BC, CD va DA. Chiifng minh ring nfiu bon diem P, Q, R. S 
ding phing thi 

a) Ba dddng thing PQ, SR va AC hoac song song vdi nhau hofic ding quy. 

b) Ba dddng thing PS, RQ vfi BD hofic song song vdi nhau hofic ding quy. 

Giai 

a) Ta c6: 

(PQRS) (1 (ABC) = PQ 
(PQRS) D (ACD) = RS 
(ABC) PI (ACD) = AC 

Theo dinh li vi giao tuyg’n cua 3 mp thi PQ, 

RS, AC hofic ddi mpt cit nhau hofic ding quy. 

b) Chufng minh tddng tu. 

Bai 2. Cho td difin ABCD vfi ba diim P, Q, R 
lin lu^t lfiy trfin ba canh AB, CD, BC. Dm 

giao dilm S cua AD vfi mfit phing (PQR) trong 2 trudng hop sau day: 

a) PR song song vdi AC 

b) PR cit AC 

Giai 

a) Trdirng hop PR // AC 
Hai mp (PQR) vfi (ACD) c6 diAm chung Q 
vfi lin loot chda 2 dddng thing song song 
PR vfi AC => Giao tuyfin cua (PQR) vfi 
(ACD) qua Q vfi song song vdi AC 
=> (PQR)D (ACD) = Qt vdi Qt // AC 
Gqi S lfi giao diem cua Qt vfi AD. 

Khi d6 S lfi giao diim cua AD vfi (PQR) 
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b) Trudng hop PR clt AC. 

Gifi sir I \k giao dig’m cua PR vk AC 
(PQR) f) (ACD) = QI 
Trong mp (ACD), goi S 1& giao diem cua 
QI vk AD 

-> S i£i giao diem cua AD vk mp(PQR) 


A 



Bai 3. Cho til di§n ABCD. Goi M, N lln loot lh trung dilm cua cAc canh 
AB, CD vk G 1& trung dilm cua doan MN. 

a) Tim giao diem A’ cua dudng thing AG vk mp (BCD) 

b) Qua M ke di/bng thing Mx II AA’ vk Mx clt (BCD) tai M’. Chufng 
minh B, M’, A’ thing h&ng v& BM’ = M’A' = A'N 

c) Chufr g minh GA = 3GA’ 

Giai 

a) Ta c6: G e MN => G e (ABN) 

Goi A’ lk giao di£m cua AG vk BN (trong mp 
(ABN)) 

Vi (ABN) fl (BCD) = AN 
=> A’ lk giao dilm cua AG vk mp(BCD) 
b) Ta c 6: 

Mx//AA'. Mk M vk AA’ nSm trkn mp(ABN) B 
=> Mx nlm trkn mp(ABN) 

Goi M’ lk giao dilm cua Mx vk BN. 

Vi (ABN) fl (BCD) = BN => M’ lk giao diem 
cua Mx vk mp(BCD) 

=> M', A’, B nlm tr§n di/dng thing BN 
=> B, M', A’ thing hkng. 

Trong mp (ABN) x6t A BAA’ c6: M lk trung di&n cua AB; MM 1 // AA’ MM’ 
lk diibug trung binh cua A BAA’ => M lk trung dilm cua BA’ hay BM = M’A’ (1). 
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Trong mp (ABN) xdt A NM’M cd : G 14 trung diim cua MN, A'G // MM’ 

=> A’G 14 dudng trung binh cua A NM’M => M’A’ = A’N (2) 

TU (1) v4 (2) => BM’ = M’A’ = A’N 
c) Theo ciu b) Ta cd 

MM’ 14 dudng trung binh cua A BAA’ => AA’ = 2MM’ (1) 

A’G 14 dudng trung binh cua A NMM’ =» MM’ = 2 A’G (2) 

Tif (1) v4 (2) => AA’ = 4GA’ 

=> GA + GA’ = 4GA’ => GA = 3GA’ 

III. Cftu hoi trie nghi^m 

C4u 1. Trong c4c mdnh d4 sau, mdnh de n4o sai? 

(A) Hai dudng thing khdng c6 di£m chung thi chdo nhau; 

(B) Hai dudng thing chdo nhau thi khdng cd diim chung; 

(C) Hai dudng thing phSn biqt khong cit nhau v4 khdng song song thi 
chdo nhau; 

(D) Hai dudng thing phan biqt khong ch6o nhau thi hofic cit nhau ho4c 
song song. 

Cfiu 2. Cho 2 m4t phing (a ) v4 (p) cd didm chung A. Hai dudng thing a, b 
song song vdi nhau (a, b khdng di qua A) lin lUflt nim trdn 2 m4t phing 
(a ) v4 (p). Khi dd 3 dudng thing a, b v4 giao tuydn cua (a ) v4 (p). 

(A) D6i mQt cit nhau ; (B) D6ng quy; 

(C) Bdi m$t song song 

(D) C cit 2 dudng thing song song a, b . 

C4u 3. Cho 3 mat phing phan bi|t (a ), (P), (y) c6 (a ) fl (P) = di; (P) 0 (y ) = d 2 ; 
(a ) D (y ) = dg. Khi d6 3 dudng thing di, d 2 , da: 

(A) D6i mOt cit nhau ; (B) B6i m§t song song; 

(C) Dong quy ; (D) Bdi m$t song song ho4c ding quy. 

Cfiu 4. Trong khdng gian cho 3 dudng thing a. b, c biit a/lb, a v4 c chdo 
nhau. Khi dd hai dudng thing b v4 c: 

(A) Trung nhau hoSc chdo nhau ; (B) C4,t nhau ho4c chdo nhau; 
(C) Chdo nhau ho4c song song ; (D) Song song ho4c trung nhau. 
Cflu 5. Cho hlnh v§ . 



c 
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B> AM vh BC song song; 
It) BM vi\ AD ch6o nhau. 


Khang djnh nan sau dnv !;i - ri i • 

A) AC va BI> rlii'c, nhau 
C) AM \k BD cii.-o nliau 

IV. Dap an 

I C-au_| 1 ! i 

[ £)6p an |_(A) (C) ; jD) 

p . dUcIng thang va mat phang song song 

I. Tom tSi ly thuyet 

1. Vi tri ttfdng doi givTa dtfcfng thang va mat phsing 

Cho ditfng thang d v& mp (a ), khi do ta cd cdc trudng hop sau: 

• d va i a ) khong c6 diem chung ta noi d va (a ) song song vdi nhau, 

- d 


d // (a) 

• d v& t u ) c6 mdt di&n chung ta ndi d cit ( a ) 


dfl(a) = M 

• d v& ia ) c6 t£t hai di<?m chung trd len ta noi ( a ) chufa d. 


d c(a) 






5! 



2. Tinh chat 

* Dinh H 1: Non dirimg thing d khong nim trong mat piling (u ) vA d 

song song vdi difdng thing d’ nflm trong (a ) thi d song song vdi (a ). 

* Dinh II 2: Cho difdng thing a song song vdi mat phing (a ). Neu mat 

phing (3) chifa a vi cat (a ) theo giao tuyg'n b thi b song song vdi a 

* He qua: Nf?u hai mat phing phan bi#t cCing song song vdi mil difdng 
thing thi giao tuyen cua chiing (neu c6) cung song song vdi difdng thing do. 

* Dinh li 3: Cho hai difdng thing chdo nhau. C6 duy nhat mot mat 
phang chda difdng thing nay va song song vdi dudng thing kia. 

II. Bai tip can ban 

Bai 1. Cho 2 hinh binh hinh ABCD vi ABEF khong cung n&m tren mot 
mat phing. 

a) Goi O va O’ lin lifdt la tam cua cic hinh binh hinh ABCD va ABEF. 
Chufng minh ring difdng thing 00’ song song vdi cdc mSt phing 
(ADF) va (BCE). 

b) Goi M va N lin ltfot la trong tSm cua tam gidc ABD vA ABE. Cluing 
minh difdng thing MN song song vdi mat phing (CEF). 

Gidi 

a) Ta cd: 

OO’ lh dudng trung binh cua A DBF ndn OO // DF 
=> OO’ // (ADF) 

Tifcfng tif: OO’ la di/dng trung binh cua A ACE 
=> 00’ // CE OO’ II (BCE) 

b) Goi I la trung diem cua AB thi DM vA EN 

IM IN 

diu di qua I vA — = — (ti'nh chat trong tdm) 

ID IE 

=> MN//DE 

F 

ma DE nim trong mp(CEF) vA MN khdng 
n&m trong mp (CEF) 

=> MM//(CEF) 

Bai 2. Cho td dien ABCD. Trin canh AB liy mot diim M. Cho (a ) li mat 
phing qua M song song vdi AC vA BD. 

a) Tim giao tuyen cua (a ) vdi cic mat cua til dien 

b) Thiet di£n cua td dien cit bdi mat phing (a ) la hinh gi? 
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Gidi 

a) Ta c6 

(a)//AC va AC c(ABC) 

=> AC song song \6 i giao tuyen cua ( u ) va (ABC) 
Trdn rnp(ABC) ke MN // AC (N*. BO) 

=* MN - (a ) 0 (ABC) 


(a)// HD vs> BD c. (ABC) 

=> BD song song vdi giao tuyen cua (a ) va (BCD) 
Tren mp (BCD) ke NP II BD (Pe CD) 


NP = (u) D(BCD) 

(a)// AC vh AC c (ACD) 

=> AC song song vdi giao tuyen cua 
(a) vk (ACD) 

Trfin mp(ACD) ke PQ // AC (Q € AD) 
=> PQ = (a) D (ACD) 

Ta tli&y M va Q la 2 did'in chung cua 
mp (a ) va (ABD) 
z* (a )f) (ABD) = MQ 


b) Theo cau a) ta co: 


MN//AC 

PQ//AC 


=> MN // PQ (1) 



va (a ) // BD, BD c(ABD) =*■ BD // MQ 
Mat khdc NP // AC => NP // MQ (2) 

Tit (1) va (2) => MNPQ la hinh binh hanh 
=> Thi£t di§n cua til diqn cat bdri mp( a ) la hinh 
binh h&nh. 

Bai 3. Cho hinh ch6p S.ABCD c6 ddy ABCD la 
mpt til gidc 16i. Gpi O la giao diem cua 2 di/dng 
ch6o AC va BD. XAc dinh thiet dien cua hinh ch6p 
cSt bdi mp ( a ) di qua O, song song vdi AB va SC. 
Thi£t dif n d6 Id hinh gi? 

Gidi 

AB 1/ (a) n&n (a) dit mp(ABCD) theo giao tuy£n 
qua O va song song vdi AB. Goi M, N l£n lirqt la 
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giao di$m cua di/dng thing qua 0 song song vdi AB cfit BC vfi AD. 


Trong mp (SAC) kg OP // SC (PeAS) 

(ut) cdt mp(SAB) theo giao tuygn PQ // AB (Q e SB) 


Thifit dign can tim lfl MNPQ 
MN//AB1 
PQ//AB 


> MN // PQ 


=> Thiet difln can tim li hinh thang. 

III. Cfiu hoi trfic nghigm 

Cfiu I. Cho hai dtfdng thing phfin biflt a, b vfi mp (a ). Gifi stjf allb vfi b//( a ). 
Khi d 6 : 

(A) aJI (a); (B)ac(a); (C)acflt(a); (D) a//(a ) hoic ac(a ) 

Cdu 2. Cho 2 dubng thing phfin bigt a, b vfi mp(a ). Gii sijr a // (a ) vfi b c (a ) 
Khi d6: 

(A) a // b; (B) a, b ch4o nhau ; 

(C) a // b hofic a, b chflo nhau; (D) a, b cflt nhau 
Cfiu 3. Cho d // (a), (P) qua d cit (a) theo giao tuy£n d’ . Khi d 6 : 

(A) d // d’; (B) d cit d’; (C) d vfi d’ chflo nhau; (D) d 3 d’. 

C&u 4. C 6 bao nhieu mat phing song song vdi cfl hai dairng thing ch 6 o nhau? 

(A) 1 ; (B) 2 ; (C) 3 ; (D) VQ s 6 '. 

CAu 5. Cho 2 dudng thing phfin bi§t a, b vfi mp(a). Gii stir a II (a> vfi b // (a). 

Khi d 6 : 

(A) a // b hofic a cit b hofic a, b chio nhau ; 

(B) a // b hodc a trung b; 

(C) a // b hofic a cit b; 

(D) a, b khdng c 6 dU?m chung. 

IV. Di p an _____ 


Cflu 

1 

2 

3 

4 

5 

Dip in 

(D) 

(C) 

(A) 

(A) 

(C) 
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§4. HA I MAT PHANG SONG SONG 


I. Tom tat ly thuyet 
1. Dinh nghla: 

«)//(p) (a> n (01 = 0 



2. Tinh chfi’t 

* Dinh li 1: Neii (a ) // (0) thi moi dudfng thing a c (a ) ta cd a // (p). 

* Dinh li 2: Qua mot di&n A t (p) cd m&t va chi m6t mp( a ) sao cho a c (a ) 
vh (a)//(?) 

* He qja 1 : N£u difdng thing d // (a) thi trong (a ) c6 m^t dutmg thing 
song stng vdi d v& qua d c6 duy nhat mot mp (P) // (a ) 



• qti 2: Hai mat phing phAn bi|t cung song song vdi mat phing thtf ba 
thi sorg song vdi nhau. 

• HI qji 3: Cho A t (a ). Moi di/dng thing qua A vi song song vdi (a) dlu 
nam tiln mat phing qua A va song song vdi (a ). 

• Din! li 3: 

Cho(a)//(p);(a) 0 (y) = a;(p) fl (r) = b 
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II. Bai tap c&n ban 

Bai 1. Trong mat ph&ng (a) cho hinh binh h&nh ABCD. Qua A, B, C, D I4n 
lucrt v§ 4 dtfdng thdng a, b, c, d song sohg vdi nhau vk khfing nftm tr*n (a ). 
Trfin a, b, c I4n li/crt lay A’, B’ C’ tuy ^ 

a) Hay xAc dinh giao di£m D’ cua dubng th^ng d vdi mp (A’B'C’) 

b) Chufng minh A’B’C’D’ 14 hinh binh h&nh. 

Giai 

a) Ta c6: 

a//b | 

AD//BC 1 =>(a,d)//(b,c) 

' afl AD - A] 

Ti/ong tb ta c6: (a, b) // (c, d) 

Vi hai mat phAng (a, b) v& (c, d) song song vdi nhau nSn mptAB’C) c&l 2 
mat phAng nAy lAn loot theo 2 giao tuyen A’B’ vA C’D’ song song vdi ihau 
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=> I)’ la giao diem cua 
duimg thing qua C' vir song 
song v6i A’B’ 

b) Theo c£u a) ta c6: 

A’B’ H C’D’ 

Tiwng tu vi (a,d) // (b,c) ^ A’D’ // B'C’ 

V4y tiif gilc A’B’C'D’ la hinh 
binh hanh. 

Bai 2. Cho hinh Iftng tru tarn gidc 
ABO-A’B’C’. Goi M va M’ lan lifcft la 
trung diem cua clc canh BG va B’C’ 

a) Chumg minh ring AM song song vdi A’M’ 

b) Tim giao diem cua mat phlng (AB’C’) vdi dtiiJng thing A’M . 

c) Tim giao tuy£n d cua hai mat phlng (AB'C’) va (BA’C’) 

d) Tim giao did’m G cua di/frng thing d vdi mat phlng (.AM’M). Chumg 
minh G la trong tlm cua tam gilc AB’C’. 

Giai 



a) Ta c 6 f" 

(ABC)//(A’B’C’) => mp (AA’M’M) clt / 

hai mat phlng (ABC) va (A’B’C’) theo / V \ 

hai giao tuy£n AM vh A’M’ / / 

=> AM//A’M’ I JW\ "l I 

b) Tren mp (AA’M’M), goi I la giao diem FTT-Ud \ / 

cua AM' va A’M A ' j- 

Vi AM’ <= (AB’C’) => 1 11 giao dilm cua \ \f ^ 

A’M va mat phlng (AB’C’) \ / 

c) Goi O la giao di<?m cua AB’ va A’B 

(Trgn m|t phlng (ABB’A’)) 0 ' 

Khi d6: O va C’ la 2 diS'm chung cua (AB’C’) va (BA’C’) 

=> (AB’C’) n (BA’C’) = OC’ 

=> giao tuy£n d cua 2 mat phlng (AB’C’) va (BA’C’) la dubng thing OC’. 

d) Trong mp (AM’M) goi G la giao diem cua OC’ va mat phlng (AM’M) 

G la giao diem cua diidng thing OC’ va mat phlng (AM’M) 

=> G la giao di£m cua dufrng thing d va mat phlng (AM’M) 
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Vi C’O vA AM’ la trung tuyen cua tam gidc AB’C 
=> G 14 trong tAm cua A AB’C’ 


Bai 3: Cho hinh hop ABCD.A’B’C’D’. 

a) Chiing minh rAng hai mat phAng (BDA) vA (B’D'C) song song vdi 
nhau. 


b) Chtfng minh rfing difdng chdo AC’ di qua trong tAm Gi vA G 2 cua hai 
tam giAc BDA’ vA B’D’C. 

c) Chdng minh G, vA G 2 chia doan AC’ thAnh 3 phdn bAng nhau. 

d) Goi O vA I ldn li/ot ia tam cua cAc hinh binh hanh ABCD va AA’C’C. 
XAc djnh thi£t didn cua mat ph&ng (A’lO) vdi hinh hdp dA cho. 


Giai 

a) Ta c6: 

BBT)T) vA A’B’CD la cAc hinh binh 
h&nh nen: 

BD // B’D’ vA DA’ II B’C 
=> Hai mat phAng (BDA’) vA 
(B’D’C) co cAc cap di/dng thSng cat 
nhau vA song song vdi nhau ti/ng 
doi mot. 

^ (BDA’) // (B’D’C) 

b) Goi 0, O’ Mn Iddt 1A tAm cua 
hinh binh hAnh ABCD vA ATTC’D’. 



Trong mAt phang (AA’C’C), goi G,, G 2 lan lupt IA trong tAm cua AC’ vdi A’O 
vA O’C. Ta chdng minh Gi, G 2 lAn lupt IA trong tAm cua A A’BD vA A CB’D' 


That vfiy ta cd: A G,OA - A GiA’C’ (vi AC // A’C’) 

== h 1 % = 1 3 G| ia trpng tam caa A A ' BD 


Tuong tu G 2 IA trong tAm cua A CBD’ . VAy AC’ di qua G lt G 2 IA trong tAm 
cua hai tam gidc BDA’ vA B’D'C. 

c) Theo cAu b) ta c6: 

=> AG, = i AC' (1) 


Ti/ong US: 
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( V G 2 CO 
G,A = CA 


1 (Vi AG^CO'-AGzAC) 

2 


-> CC, - AC' (2) 
• 3 


Til (1) va (2) =5 AGi = G.G a = G,C' 

Vay C,, G -2 chia doan AC than!) 3 plian bang nhau. 
d) Ta c6 

O e AC ^Oe (ACC' A ) 

I e (ACCA") v& 

A'e (ACC A') 

=> Hai mat ph&ng (A’lO) va 

(ACC’A') trung nhau 
=> Thie’t dien cua mat phAng 
(ATO) vdi hinh hop la hinh 
binh hhnh ACC’A’ 

Bai 4 Cho hinh ch6p 
S.ABCD. Goi Aj la trung diem cua canh SA va A 2 la trung diem cua doan 
AAj. Goi (a ) vA (P ) 1A hai mAt phAng song song vdi mfit phftng (ABCD) vA 
llln lucrt di qua Ai, Aa. Mat phang (a ) tiki cdc canh SB, SC, SD ldn luqt tai 
B], Cj, Di- Mat phang (p) cac cAc canh SB, SC, SD Idn luqt tai B 2 , C 2 , D 2 . 
ChvJng minh: 

a) Bi, Ci, D] l4n luqt 1A trung di^m cua cAc canh SB, SC, SD 

b) B,B 2 = B 2 B,C,C 2 = C 2 C.D,D 2 = D 2 D 



c) Chi ra chc hinh ch 6 p cut c 6 m$t ddy 1A ttf giAc ABCD. 


Giai 

a) Vi mAt ph&ng (SAB) cAt hai mAt phAng 
song song (a) vA (ABCD) theo hai giao 
tuy£n lAn luqt 1A AjBi vA AB 
=> A 1 B 1 // AB. 

=3 A 1 B 1 1A duAng trung binh cua A SAB 
=> Bi 1A trung di€m cua SB 
Tuong tq ta c 6 : 

B 1 C 1 1A dUAng trung binh cua A SBC 
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Ci 1A trung di4m cua SC 
CjDi la dirtmg trung binh cua A SCD 
Di IA trung dilm cua SD 

b) Vi mp(SAB) clt hai mfit phlng song song (0) vA (ABCD) thee 2 gian 
tuyAn lAn loot la A 2 B 2 va AB 

A 2 B 2 // AB 

=> A 2 B 2 la trung binh cua hinh thang A 1 B 1 BA 
BiB 2 = B 2 B 

Tutmg tif: B 2 C 2 la di/dng trung binh cua hinh thang B 1 C 1 CB 
^ C1C2 = C2C 

C 2 D 2 la dudng trung binh cua hinh thang C 1 D 1 DC 
=> DiD 2 — D 2 D 

c) C6 2 hinh ch6p cut c<5 dAy la tuf giAc ABCD d6 la: AiBiCiDi-AB«CD vA 
A 2 B 2 C 2 D 2 .ABCD 

III. CAu hoi trie nghi$m 

CAu 1. Trong cAc menh de sau day, menh de nAo dung? 

(A) Neu 2 mat phlng (a) vA (P) song song vdi nhau thi moi dufftng fcjlng 
nlm trong (a) d4u song song vdi (p) 

(B) Neu hai mat phlng (a ) vA (P) song song vdi nhau thi bStt kl dfdng 
thing nho n&m trong (a) cung song song vdi bat ki di/dng thing nAo 
nAm trong (P). 

(C) N4u hai dudng thing phAn bift a va b song song lAn lUCt mans trong 
hai mat phlng (a ) va (P) phfin bif t thi (a ) // (P) 

(D) N£u dififng thing d song song vdi mp( a) thi n6 song sorug vdi moi 
dufrng thing nAm trong mp( a ). 

CAu 2. Trong cAc m$nh d4 sau, m§nh d4 nAo sai? 

(A) CAc canh bAn cua hinh ling tru bang nhau vA song song vdi nhau 

(B) CAc mat bfin cua hinh lAng tru 1A cAc hinh binh hAnh 

(C) CAc mat bAn cua hinh lAng tru 1A cAc hinh binh hAnh b&ng lnhau 

(D) Hai dAy cua hinh lAng tru 1A hai da giAc bAng nhau. 

CAu 3. Trong cAc m£nh de sau, menh de nAo sai? 

(A) Trong hinh ch6p cut thi hai dAy 1A 2 da giAc c6 cAc canh tiftnng dfaf 
song song vA cAc ti s 6 cAc cap tuemg tfng bAng nhau. 

(B) CAc mat b§n cua hinh ch6p cut 1A nhOng hinh thang. 


60 



(Ci Cnc mat ben t-uhinh chc.p cut hi cue hudi thong crin 

(I»» Ihtffng thftng eluY:i »-n<- > nh her, < •!,■>. ! n,!i Huip cut dong quy t;ii nipt. 

diem 

Ot\»i I Cho diem A v («< >. <•<. ban nhieu mat phdng qua A vfi song song v<Yi (ot ) 

(A) 0 ; i lb I tCi 2 , :D) vo so. 

Can f>. Cho hinh chop cut tam giAi ABC.A'BV vh 2 ddy lit 2 lam gidc vuong 

tai A v;i A' vh co — - 1 Khi do ti so dien t£c:h bftng 

A' B' 2 S.. , 

tA) - ; (B) ' ; <0 2 ; (D) 4 . 

2 4 


Cau I 1 

1 

_ 2 ! .3 ] 

. i_L 5 

| Pap an 1 t A) 

tO (C) 

<B) | (B) 


§5. PHEP CHIEU SONG SONG 
IIINH BIEU DIEN CUA MOT HINH 
TRONG KHONG GIAN 

I. Tom tat ly thuypt 
1. Phep chieu song song 

a) Dinh nghia: 

Cho mat phang (a) vk dudng 
thang A c£t (a ). Vai moi diem M trong 
khung gian, difdng thang qua M song 
song hoSc trung vdi A se c£t (a ) tai M'. 

Dit’m M’ diYOc goi Id hinh chieu song song 
cua die?m M tr&n mat ph&ng (u) theo 
phifong la dtffrng th&ng A . 

Khi d6 

(a ) goi \k mat phSng chieu 
A goi la phtfang chie'u. 
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b) Tinh chat 

• Phdp chid'u song song bifi'n 3 didm thing h&ng thanh 3 diem thing 
hang vi kh6ng lam thay ddi thd tif ba diem dd 

• Phdp chidu song song bie'n dudng thing thanh diidng thing, tin thanh 
tia, doan thang thanh doan thang 

• Phdp chieu song song bien 2 di/dng thang song song thanh 2 ditfrng 
thang song song hodc trung nhau. 

• Phep chieu song song khong ldm thay dii ti s6” do dai cua 2 doan 
thing nim tren 2 dtfdng thing song song hodc ciing nim trdn m6t dirttng 
thing. 

2. Hinh bieu diin cua mot hlnh khong gian trin m&t phing 

Bi<?u diin cua mot hinh .K trong khong gian la hinh chieu song song 
cua hinh len m6t mat phing theo phtfcmg chidu ndo d6 hodc hinh ding 
dang vdi hinh chieu dd. 

II. Bai tap cdn ban 

Ve hinh chdp td gidc trong dd cd 3 net khudt. 

Gidi 



III. Cdu hoi trie nghipm 

C&u 1. Trong ede mdnh dd sau, menh de nao sai? 

(A) Ph4p chilTu song song bid'n 3 diem thing hing thanh 3 dif?m thing 
hang. 

(B) Phdp chidu song song bid'n doan thing thdnh doan thing . 

(C) Phdp chidu song song bid'n 2 diidng thing song song thanh 2 difdng 
thing song song 

(D) Phdp chieu song song khong 1dm thay doi ti sd’ dp dai cac doan thing 
nim tren 2 dtfdng thing song song . 

Cdu 2. Mot tarn gidc bit ky cd the coi la hinh bid’u diin cua hinh ndo? 

(A) Tam gidc vudng ; (B) Tam gidc edn ; 

(C) Tam gidc deu ; (D) Tam gidc tuy y'. 
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Cau 3. Mdt hinh binh hanh bat ky co the eoi la hath bieu dien cua hinh n&o? 
(A) Hinh vyong (Hi Hinh chi/ nhat ; 

(C) Hinh thoi < L)> Hinh hinh hanh tuy y. 

Can 4 'Prong cAc hinh sou day. hinh nao khong phai lh hinh bieu dien cua 
hinh chop tam giac 

(A) (B) 



CAu 5. Trong cAc hinh sau dAy, hinh n&o la hinh bieu dien cua hinh ch6p td giAc. 






IV. Dap an 


Cau 

1 

2 

3 

4 

5 

Dap an 

(C) i 

(D) 

(D) 

(B) 

(A) 


CAU HOI ON TAP CHtfCfNG II 

CAu 1. Hay n§u 3 each x&c dinh mat ph^ng, kl hi§u mat ph&ng? 

Tra lifi 

3 cdch xdc dinh mat ph&ng: 

• Mot mat phAng dime hoan toan x4c dinh khi bi«*t n6 di qua 3 difi'm khftng 
thang hang. Mat khde qua 3 di§’m A, B, C kh5ng thang hang ki hi^u 
mp(ABC) hoac (ABC). 

• Mat ph4ng di/cfc hoan toan xdc dinh khi biet n6 di qua m6t die'm va chda 
mdt difdng th&ng khfing di qua did’m d6. Mat ph&ng qua A va d (A«f d). 

Ki hi§u la mp(A, d) hoac mp(d, A) hoac (A, d) hoac (d. A) 

• Mat phang di/Oc- hoan toan xdc dinh khi bi@t n6 chufa 2 dufrng thOng cat 
nhau. Hai dudng th&ng a, b cdt nhau xdc dinh mot mat ph&ng va ki hi<?u la 
mp (a, b) hoac mp(b,a) hoac (a, b) hoac (b, a) 

CAu 2.- The' nao la dirtrng thang song song vdi duhng th&ng? Duirng thang 
song song vdi mat ph£ng? Mat ph&ng song song vdi mat phang. 
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Trd Hit 

* Hai dtfftng thing .song song la 2 ckrftng l hang n&m cung trong mot mat 
phing va khong co diem chung. 

3 //b 



* Du&ng thing song song vdi mat phing la duftng thing khong cd diem 
chung vdi mat phing. 
d // (a) 



* Hfli mit phing song song vdi nhau li 2 mat phing khong c6 diem chung 
(a)//(P) 



Cau 3. N@u phifttng phdp chdng minh 3 diem thing hing? 

Trd Hit 

Muin chdng minh 3 diem thing hang ta chdng minh 3 diem dd la cdc diem 
chung cua hai mat phing phan biet. Khi do chung se nim tren giao Urylin 
cua 2 mat phing do nen thing hang. 
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Cau 4. Neu phtfong phdp chdng minh ba difdng thing dong quy? 

Tra l&i 

Muon chdng minh 3 di/dng thing dong quy ta chdng minh 3 di/dng 
thing d6 la giao tuyen tdng doi m^t cua 3 mat phlng phdn bipt vd dddng 
thing d6 khong song song vdi nhau. 

Cau 5. Neu pht/ong phdp chtfng minh: 

Di/dng thang song song vdi di/dng thang. 

Di/dng thing song song vdi mat phlng. 

Mat phlng song song vdi mat phlng. 

Tra lifi 

* Phdcmg phap chtfng minh di/dng thing song song vdi di/dng thang: 

• Chufng minh 2 di/dng thang dong phang r6i dp dung phdcmg phap 
chtfng minh song song trong hinh hoc phang. 

• Chdng minh hai dtfdng thing do cung song song vdi difdng thing 
thd ba. 

• Ap dung dinh li v4 giao tuycfn: 

(a) D (3) = d , a c (a), b c (p), a // b => d // a // b 

* Phdcmg phdp chtfng minh difdng thing song song vdi mat phlng: 

• Mudn chtfng minh di/dng thing d song song vdi mat phlng (a) 
(d e (a)). Ta chdng minh d // a. Trong dd a c (a). 

• MuO'n chdng minh di/dng thing song song vdi mat phdng ta chtfng 
minh di/dng thing nlm trln mpt mat phlng song song vjri mat 
phlng dd cho. 

* Phdcrng phdp chdng minh mat phlng song song vdi mat phlng. 

Muon chdng minh 2 mat phlng song song vdi nhau ta chtifnj minh 
mat phlng ndy chda 2 di/dng thing clt nhau lan li/ot song song rdi hai 
di/dng thing clt nhau nlm trong mat phlng kia. 

Cau 6. Ph6t bi§u dinh li Ta-let trong khong gian. 

Tra lifi 

Ba mat phlng song song chin tr6n 2 cdt tuyfi'n bfi't kj' nhdng doan 
thing ttfcng dng ti 14- 

Cau 7. N§u phtfdng phap dt/ng thifift dien tao bdi mfit mat phlng 'di mdt 
hinh chdp, hinh h§p, hinh lang tru. 
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Trd led 

Be tiling di/oc thict dipn tao bdi mot mat phang vdi mot hinh ch6p, 
hinh hop, hinh lflng tru ta xAc dinh giao tuyen cua mSt phang vdi cAc mat 
cua hinh ch6p, hinh hop, hinh lAng tru do. Thi6t didn 1A da giAc tao bdi cAc 
giao tuyen vi/a tim di/oe. 


bAi tap on tap chl'Ong ii 


Bai l. Cho hai hinh thang ABCD vA ABEF co chung dAy ldn AB vA khong 
cimg nAm trong mot mat phang. 

a) Tim giao tuyen cua cdc mat phang sau: 

(AEC) vA (BFD); (BCE) vA (ADF) 

b) LSy M la diem thuoc DF. Tim giao diem cua difdng thing AM vdi 
mat phang (BCE) 

c) Chufng minh hai di/dng thing AC va BF khong cit nhau. 

Giai 

a) Goi O, O’ lin li/qt la giao diem cua di/dng 
chdo cua 2 hinh thang ABCD v& ABEF. 

=> O, O’ la 2 diem chung cua 2 mat phing 
(AEC) va (BFD). 

=> (AEC) f| (BFD) = 00’ 

Goi P la giao diem cua AD va BC 

Q la giao diem cua AF vA BE 
=> P, Q la 2 diem chung cua 2 mat phang 
(BCE) v a (ADF) => (BCE) D (ADF) = PQ. 

b) Trgn mftt phing (ADF) goi N la giao 
dilm cua AM va PQ. 

Vi N e PQ =» N e (ECE) =5 N la giao di£m 
cua AM va mp (BCE) 

c) Ta c6 

BF cit mp (ABCD) tai B 
Gid suf AC va BF cAt nhau. Vi AC c (ABCD) 

=> Giao di§’m cua BF va (ABCD) la giao diem cua AC va BF 


P 
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=> AC va BF cit nhau tai B 
=> B € AC (v6 If) 

=* AC vh BF khdng cit nhau. 

Bai 2. Cho hinh ch6p S.ABCD c6 day ABCD Id hinh binh hank. Gci M, N, 
P theo tin? ti? la trung diJm cua SA, BC, CD. Tim thifft di$n cua hinh ch6p 
khi cit bdi mat phing (MNP). 

Gpi O Ih t4m hinh binh hhnh, tim giao di(?m cua dLfbng thing SO vd mat 
phing (MNP). 


Tr£n mp (ABCD) goi K la giao 
diem cua AB va NP. Tren mp 
(SAB), goi I la giao diim cua 
MK va AB. 

=> M, K la 2 digm chung cua 
2 mp (MNP) va (SAB) 

=> (MNP) fl (SAB) = MI 
Tren mp (ABCD) goi Q la giao 
di£m cua AD va NP. Trin mp 
(SAD) goi R la giao di<?m cua 
MQ va SD. 

=* (MNP) n (SAD) - MR 
va (MNP) D (ABCD) = NP 
=> Thigt di£n cua hinh ch6p khi cit bdi mp (MNP) la ngu giac MINPR. 
Tren mp (SBD), goi E la giao di£m cua SO va IR. 

Ma IR = (SBD) fl (MNP) => E la giao diem cua SO va (MNP). 

Bai 3. Cho hinh ch6p dinh S c6 ddy ABCD la hinh thang vdri diy ldn AB. 
Goi M, N theo thuf ti? la trung di£m cua c&c canh SB vh SC. 

a) Tim giao tuyfi'n cua hai mat phing (SAD) vh (SBC) 

b) Tim giao digm cua duftng thing SD vdi mat phing (AMN) 

c) Dm thigt dign cua hinh ch6p S.ABCD cit bdi bdi mat phing (AMN). 

Gidi 

a) Trong mp(ABCD), goi E la giao di(?m cua AD vh BC 
=> E, S la 2 digm chung cua 2 mat phing (SAD) vh (SBC) 

=> SE = (SAD) fl (SBC) 


Gidi 
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b) 'Prong mSt phftng (SBC), goi 1’ la giao diom MN va SE. 

Trong inp (SAD), goi Q 14 giao diem ciia SD va A)’. 

Vi Al* : mp (AMN) > Giao diom ciia SD v<4 mp (AMN) la Q 

c) Td cftu b) ta thgy thiot dien ciia hinh ch6p SABCD cAt bdi mat phfing 
(AMN) 14 W gi4c AQNM. 



Bai 4. Cho hinh binh hhnh ABCD Qua A, B, C, D I4n luat vg 4 nCfa dudng 
thing Ax, By, Cz, Duong thing a cung phxa do'i vdi mat phing (ABCD), song 
song vdi nhau v4 khong nam trong mat ph&ng (ABCD). Mot mat phing (p) 
lin luot c^t Ax, By, Cz, Dt tai A’, B’, C’, D’. 

a) Chdng minh (Ax, By) II (Cz, Dt) 

b) Goi I = AC fl BD, J = A’C’ D B’D’. Chdng minh IJ IIAA'. 

c) Cho AA’ = x, BB’ p y, CC’ = z. Hay tinh DD\ 

a) Ta c6: 

AB, Ax n&m trong mat phing 
(Ax, By) lin luot song song 
vdi CD, Dt n&m trong mp 
(Cz, Dt). 

r> (Ax. By) // (Cz, Dt) 

b) Trong hinh thang AA’C’C 
ta c 6 IJ 14 dddng trung binh 
=> IJ // AA’ 

c) Ta c6: 

IJ 14 dadng trung binh ciia 
hinh thang AA’C’C nSn: 


Giai 
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Ij - AA'+ CC' _ x + z 
2 2 

Mat khac IJ la dirdng trung binh cua hinh thang B’BDD’ ndn: 

U = ?? ■— ?— . => DD‘ = 2.IJ - BB' = x + z - y 
2 

Vfly DD’ = x + z-y 

cau h6i trAc nghiem chi/Ong ii 

Cau 1. Tim mfnh d4 sai trong cdc m?nh de sau: 

(A) N6u hai mat ph&ng c6 mpt diem chung thi chung c6n vo so" diem 
chung khac nufa. 

(B) N4u hai mfit phflng ph&n biet cung song song vdi mat phSntg th»Jf oa 
thi song song vdi nhau. 

(C) N§'u hai dirtrng thang phan biet cung song song vdi m$t ma t phArg 
thi song song vdi nhau. 

(D) Ne'u mgt dtfdng thang cat m<?t trong hai mat phfing song song v6: 
nhau thi 86 c&t mat ph&ng c6n lai. 

Cfiu 2. N4u 3 duirng th&ng khdng cung n&m trong m$t mat phdng 7a dii 
m$t c4t nhau thi ba difdng th&ng d6: 

(A) Dong quy ; (B) Tao thanh tam gidc ; 

(C) Trung nhau ; (D) Cung son£ song vdi mdt imSt phlng 

Cfiu 3. Cho tuf di$n ABCD. Goi I, J va K ldn li/?t la trung di4m cius AiC BC 
va BD. Giao tuy£n cua hai mat phSng (ABD) va (IJK) la: 


A 



B 


(A) KD ; (B) KI ; 

(C) Duirng th&ng qua K va song song vdi AB ; (D) Khioig c*. 
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Cau 4. Tim menh de dung trong ctic menh de san: 

(A) N6u hai mtit phing (u> va (p) song song vtii nhau thi moi dating 
thing ntim trong (a ) deu song song vtii ( p J. 

(B) Neu hai mat phing ( a I va ( P ) song song vtii nhau tin moi dating thing 
ntim trong (a ) deu song song vtii moi dating thing ntim trong (p). 

(C) Neu hai dating thing song song vtii nhau lan ltiot aim trong hai mat 
phing ph&n bi#t (a ) vti ( P ) thi (u ) va (p) song song vtii nhau. 

(D) Qua mot diem ntim ngotii mot mat phing cho tratic ta vg dtioc mot vti 
chi mpt dating thing song song vtii mat phing cho trtitic do. 

Cau 5. Cho tti dien ABCD. Goi M va N lin laot la trung di£m cua AB va 
AC. E la diem tren CD vtii ED = 3EC. Thiet dien tao btii mfit phing (MNE) 
va tti dien ABCD la: 

A 


0 


c 

(A) Tam gitic MNE 

(B) Tti gitic MNEF vtii F la diem bat ki tren BD 

(C) Hinh binh hanh MNEF vtii F la diem tren BD inti EF II BC 

(D) Hinh thang MNEF vtii F lti diom tren BD ma EF // BC 



Cau 6. Cho hinh lang try tarn gitic 
ABC.A’B’C’. Gpi I, J lan ltiot la trong ttim 
cua cic tarn gitic ABC vti A’B’C’. Thitit dien 
tao btii mat phing (AIJ) vtii hinh lang tru 
da cho lti: 

(A) Tam gitic ctin; 

(B) Tam gitic vuong; 

(C) Hinh thang; 

(D) Hinh binh htinh. 










Cho tOr dien deu SABC canh a. Goi I 1A trung diem cua AB, M 1A mqt dufm 
di d$ng trdn doan AI. Qua M ve mat phAng (a ) song song vdi (SIC), Dung 
giA thiet tren trA ldi cAc cAu 7, 8 sau day: 

Cau 7: Thiet di$n tao bai (a ) vA ttf diAn SABC 1A: 

(A) Tam gidc cfln tai M ; (B) Tam gibe deu ; 

(C) Hinh binh hAnh ; (D) Hinh thoi . 

C&u 8. Chu vi cua thiet dign theo AM = x la: 

(A) x(l + n/ 3) ; (B)2x(l + V3); 

(C)3x(l + \/3) ; (D) khdng tinh dope. 

C&u 9. Cho hinh binh hdnh ABCD. Goi Bx, Cy, Dz lAn loot la cAc dd&ng 
thAng song song vdi nhau di qua B, C, D va nAm v4 mot phia cua mat 
phAng (ABCD). Mot mat phAng di qua A cAt Bx, Cy, Dz lAn loot tai B\ C’, 
D’ vdi BB’ = 2, DD’ = 4. Khi d6 CC’ bAng : 

(A) 3 ; (B) 4 ; 

(0 5 ; (D) 6 

CSu 10. Tim m$nh d£ dung trong cAc menh d£ sau: 

(A) Hai dtfimg thAng phAn biet ciing nAm trong m$t mat phAng thi khftng 
chdo nhau. 

(B) Hai dtfdng thAng phAn biAt khfing cAt nhau thi chAo nhau. 

(C) Hai duftng thAng phdn biAt khdng song song thi chAo nhau. 

(D) Hai dufmg thAng phAn bi£t lAn loot thuOc hai mat phAng khde nhau 
thi chAo nhau. 

Cho hinh vuong ABCD vA tam giAc deu SAB nAm trong 2 mat phAng khde 
nhau. Goi M la diA’m di ddng trAn doan AB. Qua M vA mat phAng (a ) song 
song vdi (SBC). Dung giA thiA’t trAn tra lbi cAu h6i 11, 12 
CAu 11. Thiet dipn tao bdi (a ) vA hinh ch6p SABCD 1A hinh gi? 

(A) Tam gidc ; (B) Hinh binh hAnh; 

(C) Hinh thang ; (D) Hinh vu6ng. 

CAu 12. Goi N. P, Q lAn loot 1A giao diem cua mat phAng (a ) vdi ede dufmg 
thAng CD, DS, SA. TAp hop cAc giao dilm I cua 2 dofrng thAng MQ vA NP 1A: 
(A) Dodng thAng ; (B) Nura dirtmg thAng; 


(C) Doan thAng song song vdi AB ; (D) TAp hop rong. 

DAp An _ i ^ __ | _ [ !_ | 
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CHl/tfNG III 

VECTO* THONG KHONG GIAN 
QUAN HE VUONG GOC 
THONG KHONG GIAN 

§1. VECTCf TRONG KHONG GIAN 


I. Tom tdt ly thuyet 

1- Dinh nghla: Vecto trong khong gian la mot doan thdng c6 hitdng. Ki 
hieu aB chi vecto co diem dau A. diem cudi B. VectO c6n dupe ki hieu Id 
a, b, x, y... 

2. Phep cpng va phep trit vecto trong khong gian 

- Phep cong va phep trif vecto trong khong gian diMc dinh nghla tiiong tu 
nhi/ phep cong vd phdp trii vecto trong mat phiing. Phep cong vecto trong 
khong gian cung c6 cdc tinh chat tuong tif nhu phep cong vectcr trong mdt 
phiing. Khi thiic hi§n ph6p c0ng ve,cto trong khong gian ta v&n co the dp 
dung quy the ba diem, quy the hinh binh hanh nhif doi vdi vecto trong mdt 
phiing. 

- Quy the hinh hop: Nd'u hinh hop ABCD.A'B’C'D' c6 ba canh xuat phdt ttr 
dinh A Id AB, AD, AA' vd co diking cheo AC’ thi ta co quy Ulc hinh hop Id: 

AB e AD + AA' AC' 

3. Phep nhan vectci vdi mpt so 

- Trong khong gian, phdp nhan vecto vOi mot sh dinh nghia ttfong to 
nhO trong mdt phdng vd c6 cdc tinh chat giong nho cdc tinh chdt dd di/pc 
x6t trong mdt phiing. 

4. Da vecto dong phdng 

* Dinh nghia: Trong khong gian, ba 
vecto dt/pc goi Id dong phdng neu gid trj 
cua chung song song vdi mot mdt phdng. 

* Tinh chd't: Trong khong gian cho ba 
vecto a, b.c. 

- Tit mot diem 0 bat ki ve 
OA = a; OB = b;OC = c. Ba vecto a,b,c 



73 




d6ng phang khi va chi khi bon diSrn O, A, B, C cung nhm tren mot mat phiing. 

- Neu mot trong ba vecto a, b, c lb vecto khong thi ba vecto do d6ng phbng 

- Neu hai trong ba vecto a, b, c cung phtfong thl ba vecto dd ddng phang. 

* Dinh ly 1: Trong khdng gian, cho hai vecto khong cung plrnong a, b va 
vecto c . Khi d6 ba vecto a,b, cdong phang khi va chi khi c6 cSp so m, n sao 
cho c = ma + nb. Cap so'm, n lb suy nhS*. 

* Binh li 2. Trong khong gian, cho ba vecto khong dong phang a, b,c. 
Khi d6 vdi moi vecto x bS't ki ta deu tim diioc m6t bo ba so m, n, p sao cho: 
x = ma + nb + pc . Ngobi ra bo ba s6'm, n, p dd lb duy nhS't. 

II. Bai t$p can ban 

Bai 1. Cho hinh lSng tru td gidc ABCD.A’B’C’D’. Mat ph&ng (P) c&t cdc 
canh b£n AA’. BB’, CC’, DD’ ldn lifot tai I, K, L, M. Xdt cdc vecto cd cdc 
diem dau 1 k cdc di^m I, K, L, M vd c6 cdc diem cud'i lb cac dinh cua hinh 
lang tru. Hay chi ra cdc vecto. 

a) Cung phoong vdi IA; 

b) Cung hifdng vdi IA; 

c) Nguoc hudng vdi IA. 

Giai 

A 

a) Cdc vecto cung phi/Ong vdi IA lb: 

IA’, KB, KB’, LC, LC*’, MD, MD’ 

b) Cdc vecto cung hodng vdi IA lb: ( 

- KB.LC, vh MD 

c) CAc vecto ngbOc hudng vdi IA la: 

IAVKB’.LC 1 va MD*’. 

A' 

Bai 2. Cho hinh hop ABCD.A’B’C’D’. Chufng 
minh ding: 

a) AB + B r C' + DD*' = AC*' 

b) BD - DT> - B^D*' = BB' 

c) AC + BA*' + DB + C D = 6 
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Ciifii 


a) Ta c 6: 

AB * li'C . DD' 

ABiAD.AA' AC 
(Quy tiic hinh hop> 

. III) DD BD 

b) 

r BD 4 DD' . 1) B = me 

c) 

AC < B A ' 4 DB + C D 
(AH’t- AD) -t (BA 4 I3B') * 

(DA - DC) + (C'C-C'D) 

= (AB 4 BA) 4 (AD 4 DA) 

+ (BE3 1 + C' C) + (DC + C' D') = 0 



Bai 3. Cho hinh binh hAnh ABCD. Goi S la mot diem nSm ngoAi mat 
phflng hin h binh hAnh. Cluing minh rang: SA 4 SC = SB 4 SD 


Gidi 

Goi O la griao diilm cua AC vA BD => O 
1A trung duem cua AC vA cua BD 
Trong tann giAc SAC, ta co O IA trung 
diem cua AC 
=> SA 4 SC = 2SO 

Trong tami giAc SBD c 6 O 1A trung diem BD 
=* SB 4 S“D = 2 .SO . 



Vay SA + SC - SB 4 SD (dpcm) 


C 


Bai 4. Ch<o hinh tuf dien ABCD. Goi M vA N lAn luwt 1A trung die?m AB vA 
CD. Chtfnjg minh rAng: 

a) .MN = ^(AD 4 BC) ; b)MN - I(AC 4 BD) 


a) Ta c6: 

MN - MA + AD 4 DN 
MN - MB 4 BC 4 CN 


Gidi 
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=> 2MN = (MA + MB) + (AD + BC) + ( 
=> MN = (AD + BC) (dpcm) 
b) Ta c6: 

MN = MA + AC + CN 
MN = MB + BD + DN 
=> 2MN = (MA + MB) + (AC + SB) 

+ (CN + DN) 

= AC + BD 

=> MN = ^ (AC + BD) (dpcm) 

Bai 5. Cho hinh tuf diijn ABCD. Hay 
a) AE = AB + AC + AD 


fCN) =6 + AD + BC + 0 


A 



djnh hai diem E, F sao cho: 
b) AF = AB + AC - AD 


Giai 

Ta dang hinh h§p dtfa tren ba vecto 
AB,AC,AD (d4y 14 cdc vector kh6ng d6ng 
ph&ng). (hinh a) Ki hi?u ABMC.DNEP 

a) Khi d6: AB + AC + AD = AE 

vdi di£m E 14 dinh cua hinh h$p v4 AE 14 
dtfirng chdo cua hinh h§p d6. 

b) AB + AC - AD = AM - AD = DM 

=> AF = DM =5 AFMD 14 hinh binh hAnh 
(hinh b) 

Gpi I 14 trung diem cua AM, trong m4t 
ph&ng (AMD) dong DI cAt ME k4o d4i F, d£y 
chinh 14 di£m din x4c dinh. 

Bai 6. Cho hinh td di§n ABCD. Goi G 14 
trong t4m cua tam gidc ABC. Chdng minh 
rang: DA + DB + DC = 3DG 



Giai 


Ta c6: DA + DB + DC 
= (DG + GA) + (DG + GB) + (DG + GC) 
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3DG WCiA t Gil . GC) :{[)<! - 0 3001 <dpc-iii) 


Bai 7. Goi M, N Ian loot la trung diem ctia car canh AC va BD cua ttf dien 
ABC!). Goi I 1A trung diem ciia doan MN va P la mot diem bat ki trong 
khdng gian. Chtfng minh rflng: 


a) 1A . IB + IC ► ID 0 

b) PI = * (PA + PB + PC ^ I’D) 

Giai 

a) Ta cd: 

IA + IC = 2IM 
IB + ID - 2IN 

=5 IA + IB + IC + ID - 2(IM + IN) = 6 

b) Ta cO : 

PI = PA + Ai; PI = PB + BI 
Pi = PC + Cl; PI = PD + Di 


A 



=> 4Pi - pa + pb + pc + Pi) + Ai + Bi - ci + di 
= PA + PB + PC + PD + 6 
=> Pi - I (PA + PB + PC 4- PD) (dpcm) 

Bai 8. Cho hinh Iflng try tam giac ABC.A’B’C’ c 6 
AA 1 = a, AB = b, AC = c. Hay phAn tich (hay bieu 
thi) cdc vecto B'C, BC qua cdc vecto a,b,c. 

Giai 

Ta c 6 : BT = B B + BC = B B + AC AB 
= -a + c - b 



BC ' = BC +■ BB ; = AC - AB + BB ' 
= c - b + a 


Bai 9. Cho tam giac ABC. LAy diem S nAm ngodr mAt ph&ng (ABC). Tr&n 
doan SA Idy diem M sao cho MS = -‘2MA vA tren doan BC lfiy dk?m N sao 
cho NB = -^NC. Ch'jrng minh rang ba vecto AB,MN,SC d6ng ph&ng 
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Giai 

Ta c6 

MN = MA 4 AB + BN 
MN = MS 4 - SC 4 CN 
=> 2MN = (MA 4- MS) 4 - (AB + SC) 

+ (BN 4- CN) 

= -MA + AB + SC - BN 
= -(MA + BN)4- AB + SC 

= -(MN - AB) + AB + SC # 

=> 3MN = 2AB + SC =o MN = - AB + isC 
3 3 

=>Cdc vecto MN,AB,SC dong phang (dpcm) 

Bai 10. Cho hinh hop ABCD.EFGH. Goi K Id giao diem cua AH vd DE, IIS 
giao di€m cua BH vd DF. Churng minh ba vecto AC,Ki,FG dong phflng. 

Giai 

Nhdn thfiy K vd I lln loot Id trung di^m cua AH vd BH 
=> KI 1& during trung binh cua tam gidc HAB 
=> KI // AB => gid cua vecto KI 
song song vdi mat phang (ABCD) 

Mat khac FG = BC => gid cua vecto 
FG cung song song vdi mat ph&ng 
(ABCD). C6n vecto AC c6 gid n&m 
trdn mat ph&ng (ABCD). 

Vay cdc vecto AC,KI,FG d6ng 
phang (dpcm) 

III. C&u hoi trdc nghiem 

1. Cho tiJ di$n ABCD c6 M, N ldn loot Id trung did'm cua AD vd BC. Tiroig 
cdc kh&ng dinh sau, khSng d|nh ndo sai? 

(A) AB,CD,MN dong phdng; 

(B) AC,BD,MN dong phdng; 

(C) AB + AC 4 DB 4 DC = 6 ; 

(D) AB + AC 4- DB + DC = 4MN . 
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2. Cho lang tru tain giar ABC.A’B'C va M. N lan loot la trung diem cua AC 
vA B’C\ Trong cae khAng dinh sau, khSng dinh nao dung? 

(A) Cae vecto AB,GC , MN dong phftng. 

(B) Cae vectn AB.C(' . MN khong dong phftng: 

(C) C'ac vectcf A'R.AC, MN dong phftng: 

(D) C’ac vecto BBCG ', MN dong phftng 

3. (’ho hinh hop ABCD.A’B’C’D’. Trong cac dftng thutc sau, dAng thOc nao sai? 

(A) AB t AD + AA' AC; 

( B) CC’+ D’A'+B'A' - CA . 

(C) A C'' = AB + AI). 

(D) BD ^ BA =BD\ 

4. Cho hinh ch6p td giac S.ABCD c6 day ABCD la hinh binh h&nh. Goi O lft 
giao diem cua AC va BD Tim khftng dinh sai trong cftc khAng dinh sau day. 

(A) SA + SB + SC + SD = 2 SO ; 

(B) SA + SB + SC + SD = 4SO ; 

(C) SA + SC = SB + SD; 

(D) OA + OB + OC + OD = 6. 

5. Cho hinh hop cho nhftt ABCD.A'B’C’D' (cftc mat lft canh hinh chO nhAt) c6 
cAc canh AB = a, AD = b, AA' = c. Khi d6 AC' bang: 

(A) a 2 + b 2 + c 2 ; (B) Va 2 +■ b 2 + c 2 ; (C) a.b.c; (D) Ja 2 + b 2 + c 2 

IV. Dap an ______ 


Cftu 

1 

2 

3 

4 

5 

Dftp An 

(C) 

(B) 

<D) 

(A) 

(B) 
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§2. HAI DLfCfNG THANG VUONG GOC 


I. Tom tit ly thuyet 

1. Dinh nghla goc giffa hai vecto trong khdng gian 

Trong khdng gian, cho u vi v 14 hai vecto khdc vecto - khdng Ld'y 
m§t diem A bit Id, gpi B vi C li hai diem sao cho AB = u, AC = v. Khi d6 
ta goi g6c BAC trong mat phing (ABC) la g6c giOa hai vecto u va v trong 
khdng gian. Ki hipu (u , v ) 

2. Tich v6 hiftifng cua hai vectd trong khdng gian 

* Dinh nghia: Cho hai vecto u va v khdc vecto khdng, tich v6 hiking 
cua u va v la m$t sd', ki hi^u la u . v dope xdc dinh bdi: 
u .v = |u|.|v|.cos(u,v) 


- Tich vd hodng cua hai vecto trong khdng gian cung cd ede tinh chfl't 
toong tp tinh chit vd hodng cua hai vecto trong mat phing. 

Tinh chft phdn phdi a.(b + c) = a.b + a.c vln dung trong trOPng hop 
ede vecto a, b, c khdng ddng phing. 



3. VectO chi phtfOng cua drfOng thing. 

* Dinh nghla: Vecto a khdc vecto - khdng dope goi la vecto chi phOong 
cua doPng thing d nd'u gid cua vecto a song song hodc trung vdi doing 
thing d. 

* Nhfin xdt: 

- Nd'u a la vecto chi phoong cua doPng thing _^***— d 

d thi vecto ka (k*0) cung la vecto chi phoong cua 
doPng thing d. 

- Mpt doPng thing trong khdng gian hoan toan dope xdc dinh ngu big't 
mpt didm va mpt vecto chi phoong cua nd. 

- Hai doPng thing song song vdi nhau khi va chi khi chung la hai 
doPng thing phan bipt cd hai vecto chi phoong cung phoong. 

4. Goc gitfa hai dtfftng thing trong khdng gian. 

* Dinh nghla: Gdc gitfa hai doPng thing a va b trong khdng gian , kf 
hipu la (a, b) la gdc gitfa hai doPng thing a’ va b’ cung di qua mpt di£m va 
lin loot song song vdi a vd b. 


SO 

i 



‘ N'l ian xtit: Neu u va v Ian Itft /1 la vortu . hi phuong cua cac dating 
than# va b thi goc gida hai dating thting ;> \a ! h.Ang HoAc bu vdi goc giura 
hai voc'.cf u v<^ v . 

5. Hai ducting lining vuong goc 

* i>imh nghia: Hai (luting thftng difoc goi la vuong goc vdi nhau neu goc 
gii/a chjriig bAng 90" Ki hicu: a „ b . 

* NhiAn xtit: 

- N&u u vk v ldn luat la cAc vecto chi phuung ciia a vA b thi a 1 b 
U.V : O 

- Ha i (lifting thAng vuong goc vdi nhau co the eAt nhau hoSc chtio nhau. 

II. Bai tap cSn ban 

Bai 1. Cho hinh lap phtiting ABCD.EFGH. Hav xac dinh g6c gida cac cAp 
vecto s.iu day: 

a) AB vk EG ; b) AF vk EG ; c) AB vk DH 
Giai 

a) Ta co EG = AC 
^(ABE:G'U(AB, AC) = 45° 

b) Ta co ((/. F, EG) = (AF. AC) = CAF 

Vi AC AF, FC 1A dating ch6o cua cac hinh 
vuong bAmg nhau nen'AC = AF = FC 

=> A AFC deu => CAF - 60° 

Vay (AF, EG) - 60° 

c) Ta co: (aB.DH) = (AB, BF) = 90° 

Bai 2. Cho tuf di£n ABCD 

a) Chdng minh rAng: AB.CD + AC.DB + AD.BC 0 

b) Tiif diing thdc tren suy ra rAng neu tif dien ABCD c6 AB 1 CD vA 
A'C 1 DB thi AD 1 BC 

Gidi 

a) Ta ci : AB.CD + AC.DB + AD.BC = AB.( AD - AC) *- AC.Dii . AD.BC 
= AB.AD - AB.AC + AC.DB + AD.BC 
= AD. (AB + BC) - AC. (AB - DB) = AD.AC - AC.AB - 6 
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b) Neu AB 1 CD v6 AC 1 DB ^ AB.CD = 0 v6 AC.DB = 0 
Td ding thtfc tren suy ra AD.BC = 0 => AD 1 BC 

Hai 3. a) Trong khong gian n£u hai dudng thing a v6 b ciing vuOng gdc 
vdi dudng thing c thi a va b c6 song song vdi nhau khong? 
b) Trong khong gian n£u dddng thing a vuong g6c vdi dudng thing b v6 
dudng thing b vuong g6c vdi di/dng thing c thi a c6 vuong g6c vdi c khdng? 

Giai 

a) Trong khong gian niu hai dddng thing a vi b ciing vuong g6c vdi dddng 
thing c thi a v6 b' c6 the song song vdi nhau, hofic avib cAt nhau hoflc a 
v6 b cheo nhau. 

b) a cd thi vuong gdc vdi c; a cd thi cit c hofic a cd thi ch§o c. 

Bai 4. Trong khdng gian cho hai tam giic diu ABC vk ABC’ cd chung cnnh 
AB va nim trong hai mat phAng khdc nhau. Goi M, N, P, Q lin litot la 
trung diim cua c6c canh AC, CB, BC’, C’A. Chdng minh rang: 
a) ABlCC' 

B) Td gidc MNPQ 16 hinh chd nhat. 

Giai 

a) Ta cd AB.CC = AB.(AC - AC) 

= ABAC- AB AC 

.cos (AB,AC) 

-|Xb|.|ac|. cos (ab.Ac) 

= AB.AC'cos 60° - AB.AC. cos 60“ 

Vi cdc tam gidc ABC v6 ABC’ 16 cic 
tam gidc diu n&n AB = AC = AC’ 

=> AB.CC ’ = 0 => AB 1 CC' 

b) Vi MN 16 dudng trung binh cua tam gidc ABC MN // AB v6 MN = ^ AB 
Tutmg td PQ // AB vi PQ = i AB 

=? MN // PQ v6 MN = PQ => td gidc MNPQ 16 hinh binh h6«h. Mat khdc 
PN ciing 16 dudng trung binh ciia tam gidc BCC’ => PN // CC’ 

Theo chdng minh ciu a) AB 1 CC' ==> MN 1 NP 
Vay td gidc MNPQ 16 hinh chd nhat (dpcm) 
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Bai 5. ('ho hinh chop tarn giac S.AJ3C co SA = SB - SC vA co 
ASS USC -- CSA. Chtfng minh rftng SA . IK’, SB j AC,SC 1 AB . 

Gidi 

* Giving minh SA 1 BC: 

Xet tic.h v6 hiking SA.BC = SA.(SC - SB) 

= SA-SC - SA.SB 
= JSA|. jsc|. cos (SA.SC) 

-|Sa|.|sb|. cos (sa.sb) 

B 

- SA 2 .cos ASC SA 2 .cosBSA = 0 
=> SA J. BC (dpcm) 

* Giving minh hoAn toAn tiding tif ta cung co: 

SB 1 AC Vi SC 1 AB 

Bai 6. Trong khong gian cho hai hinh vuong ABCD va ABC’D’ c6 chung AB 
vA n&m trong hai mAt ph&ng khac nhau, Ian Inert c6 tam O vA O’. Chtifng 
minh r&ng: AB 1 00’ va tuf gihe CDD’C’ 1A hinh chtf nh£t. 

Gidi 

Ta thfiy 0<V 1A diking trung binh 
cua tam giAc BDD’ 

=> 00'■ I DD’ (1) 

Xet tich vo hiking 

AB.OO = - AB.DD ’ 

2 

= A AB.(AD’ - AD 

= ~ ABAD’’ - - AB.AD 
2 2 

Vi ABCD vA ABC’D’ IS cAc hinh vuong 
=> AB 1 AD vA AB 1 AD' 

=* AB.AD = 0 vA AB.AD’■ = 0 
Suy ra AB.OO' = 0 hay AB l 00’ (dpcm) 

* Lai thfiy; OO’ cung 1A diking trung binh cua tam giAc ACC’ 
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( 2 ) 


=> 00 ' = -CC' 

2 

TiH 1) vA (2) => CC’’ = DD' CDD’C Hi hinh binh hAnh 

Mat khac do AB 1 OO' r> AB 1 DD’ => CD 1 DD’, => CDD’C’ la hinh 

chO nhAt (dpcm). 

Bai 7. Cho S 1A di&n tich cua tam giAc ABC. Chufng minh ring: 

s = | Jab 2 . ac 3 - (ab.ac) 2 

Giai 

Vi S la di^n tich cua tam giac ABC => S = ^ AB.AC. sin A (1) 

Ta c6 : AB 2 .AC 2 - (AB.AC) 2 = AB 2 .AC 2 - AB 2 .AC 2 .cos 2 (AB, AC) 

= AB 2 .AC 2 .(l - cos 2 A) = AB 2 .AC 2 .sin J A = (AB.AC.sin a)* 

=* | Jab 2 .AC 2 - (AB.Ac) 2 = | yl{ AB.AC. sin A) 2 = i AB.AC. sin A (2) 

Tit (1) va (2) => S = ^JaB 2 .AC 2 -(AB.AC) 2 (dpcm) 

Bai 8. Cho tuf di^n ABCD c6 AB = AC = AD vA BAC = BAD = 60° ChiYng 
minh rAng: 

a) AB 1 CD 

b) NS’u M, N ldn lutrt la trung di«?m cua AB vA CD thi MN 1 AB vA Ml' J. CD 

Giai 

- a) X6t tich v6 hudng: 

AB.CD = AB.(AD - AC) 

= AB.AD - AB.AC 

= | ABj. |ad| . cos BAD - |Ab| . |Ac| . cos BAC 
= AB.AD. cos 60° - AB.AC. cos 60° 

= 0 (vi AB = AC = AD) 

=> AB 1 CD (dpcm) 

b) NhAn thAy: tam giAc ABC co AB = AC vA 
BAC = 60° => tam gidc ABC 1A tam giAc d4u 
=> AB = BC = AC 

C 


A 
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Tilting til cungco tarn gi;u- Mil) den AH , Al) = HI) 

=> A ACD = ABCD(c ci ) . car tning luvn 'JN va AN b&ng nhan 
=> A NAB cAn dinh N nui M la ining ’li.an in ,\i; ; NM 1 AB 
Tuung tii tain gidc MCD la tain giar ran I ait M ma N la trung diem CD 

=> MN i on 

VA> MN 1 AB va MN CD idpcinl 

III. Cau hoi trSc nghiem 

1. Oho hinh td diAn ABCD. Goi M. N , I Ian loot IA trung diAm cua BC, AD 
vA AC. Cho AB = 2a, CD = 2aV2 va MN = .Goc gida AB vA CD bAng 
bao nhieu? 

(A) 45°; (B) 60° (0)90° ; (D) 120°. 

2. ('bo hinh tu? dien ABCD canh bang a, goi M la trung diem cua BC. Khi 
d6 t:os(|AB, DM|) bAng bao nhieu? 





(D) 


& 

8 


3. Cho hinh ch6p OABC co OA, OB, OC doi mot vuong g6c vA OA = OB = 
OC = 1. Goi M 1A trung diAm cua AB. Klii d6 lich vo hudng OM.BC b&ng 
bao nhieu? 

<A>|i < B >4 : t roi-f- 

4. Cho hinh lap phdong ABCD.A’B’CD’. G6c gida dtfdng thing A’C’ vA 
di/Ang thAng B’C bAng bao nhieu? 

(A) 120° ; (B) 90°; (0 30°; (D) 60°. 

5. Cho hinh lap phirong ABCD.A’B’C’D’ canh bAng 1. Khi d6 AB'.B D' 
bAng? 

(A) 1 ; (B) -1 ; (C) v/2; (D )-j2. 

IV. Dap An______ 


Cau 

1 

2 

3 

4 

5 

Dap An 

(A) . 

to 

(13) 

• (D) 

(A) 
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§3. DLtoNG THANG VUONG GOC vdl MAT PHANG 


I. Tom tat ly thuyet 

1. Dinh nghln: Ditfmg thing diiOc goi lk vuong g6c vdi mkt ph&ng (a > n&i d 
vuong g6c vdi moi dudng thing a n&m trong mat phiing (a ). Ki hieu d 1 (a ), 

2. Dinh ly: N6u dtidng thllng d vuong g6c vdi hai di/dng th?lng «it 
nhau a va b cua mflt phiing (a ) thi d 1 (a ). 

H? qud: Nfiu mgt difdng t.hSng vuong g6c vdi 2 canh cua m<?t tern gdc 
thi nd cung vudng g6c vdi canh thuf ba cua tam gidc dd 

3. Cac tinh chat 

* Tinh chfi't 1: C6 mot v& chi mot mat phiing di qua mot dum cho 
tnidc va vuong gdc vdi mdt difdng th&ng cho trv/dc. 

* Tinh chat 2: C6 duy nha't mot dtfdng thang di qua mot diem chi trvdc 
v& vuong gdc vdi mot mat phiing cho tn/dc. 

4. Lien he gifia quan he song song va quan he vuong goi jgiia 
diidng thing va mit phiing 

- Xdt cdc mat phiing (a ), (p ) va cdc di/dng thing a, b. 


* Tinh chfi't 1. 


a//b 
(a) la 


. (a) 1 b 


b) 


a 1 (a)j 

b 1 (a) I => a // b 
a $ b j 
* Tinh chat 2 


a) 


(a)//( P ) 

a l(o) 


(«)->■ (P) 


a b 



X6 






b) 


a 1 00 (<x)//(in 

(«) * (P)| 

* Txnh chat 3 


a) 


a /1(a) { 

bi (<x)f 


=> b 1 a 


a i b j 

b 1 (a) 1 => a//(a) 
a a («)j 



5. Dinh ly ba dtfdng vuong goc 

Cho dtfdng thing a nim trong mat phing (a ); b la dudng thing khong 
thiioc (a)vab khong vuong goc vfli (a ). Goi b' la hinh chieu vuong goc cua 
b tr#n (a ). Klii do: a i b => a 1 b' 

6 . Goc giffa dtfdng thang va mat phang 


Dinh nghla: Cho dtfdng thang cl 
cit mat phing (a ) tai diem O va d 
khdng vudng g6c vdi (a ). G<5c- gitfa 
dudng thing d v& mat phing (a ) la 
g6c tao bori dudng thing d va hinh 
chieu vuong g6c d’ cua d tr£n (u ). 

Neu d 1 (a) thi g6c gitfa d vi 

(a) bang 90°. 

Chu y: neu goi cp li g6c giufa 
dudng thing d vh mat phing (u ) thi 
0° < <p <; 90° 



c6: 


II. Bai tap can ban 

Bai 1. Cho hai dudng thing a, b vd mat phing (a ). Cdc menh di sau day 
dung hay sai? 

a) Neu a//(a) vi b 1 (a) thi a 1 b 

b) Neu a /1(a) vi b i a thi b 1 (a) 
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c) Neu a//(a) vd b//(a) thi b//a 

d) Nd'u a 1 (a) vS bia thi b//(a) 

Giai 

Mfinh di a) vd m6nh d£ (d) Id cdc m£'nh d4 dung. 

Menh de b) vd menh d6 c) la cdc mfnh d6 sai. 

Bai 2. Cho tuf difn ABCD c6 hai mdt ABC vd BCD Id hai tam gad; cdn c6 
chung canh ddy BC. Goi I Id trung di£m cua canh BC 

a) Chufng minh ring BC vuong g6c vdi mat phing (ADI) 

b) Goi AH Id difdng cao cua tam gidc ADI. Chufng minh ring Ad vudng 
g6c vdi mdt phing (BCD). 

Giai 

a) Vi I Id trung diem canh ddy BC cua cdc 
tam gidc din ABC vd DBC 
=> AI ± BC vd DI ± BC 
=> BC 1 (ADI) (dpcm) 

b) Theo chdmg minh cdu a) BC I (ADI) vd 
AH c (ADI) ^ BC 1 AII 

Thdm nOra AH 1 DI, md DI vd BC Id hai 
di/dng thing cit nhau nim trong mdt phing 
(BCD) => AH 1 (BCD) (dpcm) 

Bai 3. Cho hinh chdp S.ABCD c6 ddy ABCD Id hinh thoi tdni 0 'vd c6 
SA = SB = SC = SD. Chufng minh ring: 

a) Ditfrng thing SO vufing g6c v<Si mdt phing (ABCD) 

b) Biting thing AC vudng g6c v<5i mdt phing (SBD) vd duemy tthing 
BD vuong g6c vdi mdt phing (SAC) 

Giai 

a) Vi SA = SC =5 tam gidc SAC cdn dinh S, mdt khdc O Id trung chlnn <ua» AC. 
^ SO 1 AC 

Tuong tu SO 1 BD 

Suy ra SO l(ABCD) (dpcm) 

b) Ta c6 SO 1 AC vd BD 1 AC (hai dtfdng chdo cua hinh thoi) 

$8 





=> AC i (ABD) 

Tifcfng ti i BD 1 (SAC) (dpcm) 


S 



Bai 4. Cho td didn OABC c6 ba eanh OA, OB, OC doi mdt vudng g6c. Goi H 
Id clidn dudng vudng g6c ha tCr O den mat phdng (ABC). Chting minh rkng: 
a) H Id true tdm cua tam giac ABC; 

I) JL = _1_ __L_ _J_ 

OH 1 OA 2 + OB 2 + OC 2 


Gidi 


a) De thd’y AH Id hinh chid’u vudng goc cua 
AO trftn mat ph£ng (ABC), vi 


OA 1 OB 
OA 1 OC 
=5 OA 1 BC 


=> OA 1 (OBC) 


Theo dinh ly ba dudng vuong goc suy ra 
AH 1 BC 

Tucmg tu ta cung c6 CH 1 AB 

H Id true tdm cua tam gidc ABC (dpcm) 
b) Goi I Id giao di<*m cua AH vd BC 



=> BC 1 AI 

Mat khde OA 1 BC suy ra BC 1 (OAI)=> BC 1 01 

Trong tam gidc vudng OAI c6 dUdng cao OH => ^ . 

OH OA Ol 

Trong tam gidc vudng OBC c6 dudng cao 01 =s> + —g 

Ol 015 OO 


V&y 


OH 2 


1 

! OA 2 


1 

OB 2 


1 

OC 2 


(dpcm) 
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Bai 5. Tr&n mat ph&og (a ) cho hinh binh hanh ABCD tam O. Goi S la mot 
diem nkm ngoai mat phang ( a ) sao cho SA = SC; SB = SIX Chiimg minh rhng: 

a) SO 1 (a) 

b) Neu trong mat phang (SAB) ke SH vuong g6c vdi AB tai H thi AB vudng 
g6c vdi mat phang (SOH) 


Gidi 


a) Vi SA = SC => tam gidc SAC la tam 
giac cSn dinh S; O la trung diem AC 


=> SO 1 AC 
SO 1 AC 

Tiftmg tti SO 1 BD 


=> SO 1 (ABCD) 


Ttfc la SO 1 (a) (dpcm) 


b) Theo chufng minh cau a) 
SO 1 (a) => SO 1 AB 


S 



Lai c6 SH 1 AB , suy ra AB l (SOH) (dpcm) 

Bdi 6. Cho hinh chdp S.ABCD cd ddy la hinh thoi ABCD va c6 canh SA 
vuong g6c vdi mat day (ABCD). Goi I va K la hai diem ldn lufot lAy tren hai 
SI SK 

canh SB va SD sao cho — = —. Chtfng minh : 


a) BD vuong gdc vdi SC 

b) IK vudng gdc vdi mat phang (SAC) 

Gidi 

a) Ta tha'y ABCD la hinh thoi suy ra cdc 
dirdng chdo AC va BD vudng gdc vdi nhau 
tai O hay BD 1 AC (1). 

Mat khdc theo gid thi&t SA 1 (ABCD) 

=> BD 1 SA (2) 

Tti (1) va (2) suy ra BD 1 (SAC) (3) 

=> BD 1 SC (dpcm) 

cj c K 

b) Tti gia thiet = — => IK // BD (4) 

° on on 



Tti (3) va (4) suy ra IK l(SAC) (dpcm) 
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Btii 7. Cho Lf didn SAli( - c<- canli SA vuong go e mat ddy (ARC) vk c6 tarn 
gidc ABC vuong tai R Prong mat phftng (SAB) ke AM vuong gdc vdi SB tai 

M Trpn canh SC lay diem N sao oho: --- Chdng minh r&ng: 

SB SC 

a) BC J (SAB) va AM I (SBC) 

b) SB I AN. 


Gicit i 


a) Ta nhan thay SA I (ABC) to BC I SA 
vk BC J AB (gia thiol) suy ra BC i (SAB) 

I BC J (SAB) 

[AM c (SAB) 

Lai co AM i SB . Suy ra AM 1 (SBC); 


Vi 


=> BC i AM 


b) Tu gia thiet —— = => MN // BC 

SB SC 

Vi BC 1 (SAB) to MN .1 (SRC) => SB i MN 



Vi SB 1 AM , suy ra SB 1 (AMN) =o SB 1 AN (dpcm) 


Biii 8. Cho (Mm S khdng thuoc mat ph&ng (a ) c6 hinh chidu trdn (a ) Id 
di(?m II Vdi di«?m M bft’t ki tren (a) va M khdng trung vdi H, ta goi SM Id 
dddng xien vk doan HM Id hinh chid'u do. Chdng minh rang: 

a) Hai du&ng xien bftng nhau khi va chi khi hai hinh chichi cua chung 
bdng nhau. 

b) Vdi hai dudng xien cho trifdc, dudng xien n&o Idn hem thi c6 hinh 
chidu ldn hem v& ngUpc lai dudng xidn n&o co hinh chieu ldn hem thi 
ldn hem. 


Giai 

Lay diem N f M tren (a ). 
a) Gia suf: HM = HN 

Ta thay tam gidc HSM va tarn giac HSN co: 
HS chung; HM = HN; SHM - SHN = 90" 

=j AHSM = AHSN (c.g.c) to- SM = SN. 

NgUtfc lai neu SM = SN thi hai tam gidc 
vuong HSM vk HSN cung bang nhau 
HM = HN 
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Vdy HM = HN SM = SN (dpcm) 


b) Gia si/ HM> HN 


» VSM 2 - SH 2 > -jSN 2 -SH 2 
o SM 2 > SN 2 


c? SM > SN (dpcm) 

III. Cau hoi trie nghi^m 

1. Trong cac menh de sau day, menh de n^o dung? 

(A) Qua mOt diem nlm ngoai mot mat phlng c6 nhiiu hon mot dittng 
thing vudng g6c vdi mat phang do. 

(B) Qua mdt diem nlm ngohi mdt dating thing co nhieu hem mdt ndt 
phlng vudng gdc vdi dating thang dd. 

(C) Ndu dating thang a vudng gdc vdi hai dating thing b vd c song song 
vdi nhau cua mat phlng (a ) thi a vudng gdc vdi (a ). 

(D) Neil dating thing a vudng gdc vdi mat phlng (P) v& mat phang (Q) 
thi (P) // (Q) hoac (P) = (Q). 

2. Cho hinh chop SABCD co day lti hinh voting canh a, SA = a-/2 vti SA J. (ABCD). 
Khi dd g6c gifla dating thing SC vl mat phlng (ABCD) blng? 

(A) 45°; (B) 60°; (C) 120° ; (D) 135°. 

3. Cho tam gidc ABC vudng tai A va BC = a. S la mdt dilm nlm ngoai nat 

phlng (ABC) sao cho SA = SB = SC = . O II trung diem BC. Khi d6 gdc 

gifla dating thing SA vti mat phlng (ABC) bang? 

(A) 60°; (B) 45°; (0 90°; (D) 30° 

4. Cho hinh chdp S ABCD cd day ABCD la hinh vudng, SA J-(ABCD). Khi 
dd hinh chiti'u cua SC tren mat phlng (SAD) la? 

(A) SD ; (B) SA ; (C) AD ; (D) AC. 

5. Cho hinh chdp S.ABCD cd day ABC la tam gidc vudng tai-A; goi 0 la 
trung dilm BC; SO 1 (ABC). Khi dd m£nh d4 ntio sau day la sai? 

(A) SA 1 BC ; 

(B) Hinh chieu cua SA tren mat phlng (ABC) la OA; 

(C) Hinh chiti'u cua SC trtin mat phlng (SAO) la SO; 

(D) Hinh chiti’u cua SB tren mat phlng (SAO) la OB. 

IV. Dap an______ 


Cau 

1 

2 

3 

4 

5 

Ddp an 

(D) 

(A) 1 

(B) 

(A) 

(C) 
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§4. HAI MAT PHANG VUONG GOC 


I. Tom tdt ly thuyet 

1. Dinh nghln goc giufa hai mat phing: 

G6c gitfa hai mat phang la gdc giiYa hai di/frng thing lln loot vudng goc 
vdi hai mat phing dd. Neu hai mat phing song song hoac trung nhau thi ta 
n6i ring g6c gifla hai mat phang do bang 0°. 

2. Di£n tich hinh chieu cua mpt da giac 

- Cho da gidc .if nam trong mat phang (a ) c6 di$n tich la S va .X' la 
hinh chieu vuong gdc cua .If tren mat phing (f$). Khi d6 di$n tich S’ cua .K'' 
diidc tinh bdi c6ng thufc: 

S’ = S. cos <p; vdi ip la goc gitfa (a ) vd (P) 

3. Dinh nghia hai m|t phing vuong goc 

Hai mat phang goi la vuong g6c vdi nhau neu gdc giufa hai mat phing 
d6 la gdc vuong. 

4. Cac Dinh li 

* Dinh li 1: Dieu kifn cin va du dl hai mat phing vuong gdc vdi nhau 
la mat phang nay chda m0t dtfdng thing vuong g6c vdi mat phang kia. 

HS qua 1: Neu hai mat phang vuong gdc vdi nhau thi bit cd dtfdng 
thing nao nlm trong mat phing nay va vuong goc vdi giao tuyen thi vuong 
gdc vdi mat phing kia. 

HS qua 2: Cho hai mflt phing (a) va < p) vu6ng gdc vdi nhau. Nlu tit 
m<?t di£m thudc mat phang (a) ta dtfng mot mat phing vudng gdc vdi mat 
phing (p) thi dtfdng thing nay nam trong mat phang (a). 

* Dinh li 2: Nlu hai mat phang cat nhau va cung vuQng g6c vdi mpt 
mat phang thi giao tuydn cua chung vuong goc vdi mat phang do. 

5. Cac hinh khong gian dac bi$t: Hinh lftng tru dtfng; hinh h0p chit 
nh$t; hinh lip phtfcmg; hinh chdp deu va hinh chdp cut d4u. 

II. Bai typ c&n ban 

flat /. Cho ba mat phing (a ), (p), (y ), nhtfng menh dl nao sau dly dung? 

a) Nlu (a) i (p) va (a)//(y) thi (p) ±(y) 

b) N&'u (a) 1 (p) va (a) 1 (y) thi (P)//(y) 
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Giai 


a) Dung ; b) Sai 

Bai 2. Cho hai mat phang (a ) vd ((5) vu6ng gdc vdi nhau. Ngtfbi ta lay tr£n 
giao tuyen A cua hai mat phang do la hai diem A vd B sao cho AB = 8. Goi 
C Id mot didm tren (a ) va D la mot diem trdn (p) sao cho AC va BD cung 
vudng g6c vdi giao tuydn A va AC = 6cm; BD = 24cm. Tinh dd dai doan CD. 

Giai 

Vi AC 1 AB trong tarn gidc 
vudng ABC c6 : BC 2 = AB 2 + AC 2 C 

=> BC 2 = 6* + 8 2 = 10 2 
Vi BD 1 A => BD 1 (a) , BC c (a) » 

=> BD 1 BC => CD 2 = BC 2 + BD 2 
=> CD 2 = 10 2 + 24 2 = 26 2 
Vdy CD = 26 (cm) 

Bai 3. Trong mat phang (a ) cho tarn gidc ABC vu6ng g6c b B. Mot doan 
th&ng AD vudng g6c vdi (a) tai A. Chtfng minh r&ng: 

a) ABD la gdc giffa hai mat phang (ABC) va (DBC). 

b) Mat phdng (ABD) vudng gdc vdi mat phang (BCD) 

c) HK // BC vdi H va K l£n luot la giao dilm cua DB va DC vdi mat ph&ng 
(P) di qua A vd vudng gdc vdi DB. 

Giai 

a) De xdc dinh gdc gida hai mat phang ta 
xdc dinh mqt mat phang vuong goc vdi 
giao tuyen cua hai mat phang ban dau. 

Gdc gida hai giao tuydh cua mat phang 
thd ba vdi hai mat phang ban dau chinh 
la gdc cdn xdc dinh. 

Ta tha'y: BC la giao tuyg'n cua mat phang 
(ABC) vd mat ph&ng (DBC) 

Mat khac: AD 1 (ABC) =3 AD 1 BC 
Vi do AABC vudng d B AB 1 BC 
=> BC 1 (ABD) 
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Giao tiiyen cua mat phang (AHI)i v.'ii mat ph:'in:> ABO va (DBG) Ian loot la 
AB va |ID goc gitfa hai mat. plifing (AIM ’) va DUO la gdc ABD (dpcm) 
b) Thno chirng minh tren BC (ABD) rna BC | BCD) > (ABD) J (BCD) 
o) Trong mat phftng(ABC) va AH . BD(H HI)) 

Trong mAt phang (DBC) ve UK BC (K < DC) 

Ta se chitng minh mat phang (A1IK) la mat phAng (P) ma bai da cho 
That v;iy: Theo chiing minh tren BC l (ABD) va HK // BC (cdch dung) 
=> HK L (ABD) =» HK 1 BD 

Mat khac AH 1 BD (each dtfng), tif do suy ra Bl) . (AHK) mat phang 
(AHK) rhinh la mat phang (P) hay noi each khac HK // BC vdi H, K la giao 
diem cua (P) vdi DB vd DC. 

Bai 4, Cho hai mat phang (a ) va (|i) cat nhau va mot diem M khong thuoc 
(a ) va khdng thuoc (|i). Clnfiig minh rang qua diem M c6 mot va chi mot 
mat phftng (P) vuong gdc vdi u va (p). Nou a va (ft> song song vdi nhau 
thi ket qua tren se thay doi nhd the nao? 

Gidi 

Ta cd: 

(a)l(P) j 
(P)l(P) Ual(P) 

»-(«)no)| 

Vi qua mdt diem M cho trude cd mot va 
chi mot mat phang vuong goc vdi m§t 
difdng tiling cho trude n6n qua M cd 
mot va chi mot mat phang (P) vuong goc vdi a. 

Hay ndi edeh khde mat phang (Pi qua M vuong gdc vdi (a ) vA (p) la duy nhat. 
* Ndu (a) // (3 ) thi qua M c6 v6 sd mat phftng(P) vuong g6c vdi ca (a) va (3) . 
Bai 5. Cho hinh lfip phi/ong ABCD.A’B’C’D’. Chufng minh r&ng: 

a) Mat phang (A’B’C’D’I vuong gdc vdi mat ph&ng (BCD’A’) 

b) Dddng tilling AC' vuong gdc vdi mat ph&ng (ABD). 
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Giai 


a) Vi ABB'A’ la hinh vudng AB' ± BA' (1) 

AD 1 AB ) 

Mat khac [• AD 1 (ABB' A') 

AD 1 AA'j v ’ 

=> AD 1 BA' (2) 

Tif(l)va (2) => BA' 1 (AB'C'D) 

Ma BA ’ c (BCD' A') suy ra 

(AB'C'D) 1 (BCD A ) (dpcm) 

WTaKi: BDicC'} = BDi < ACC ' A '> 

=> BD 1 AC ’ (1) 

lai c6 A B 1 AB' va B'C'l A'B BA' ± (AB'C'D) <=> BA' 1 AC' (2) 

Tir (1) va (2) => AC' 1 (A' BD) (dpcm) 

Bai 6. Cho hinh ch6p S.ABCD c6 day ABCD la hinh thoi canh a vhc6 
SA = SB = SC = a. Chtfng minh r&ng: 

a) Mat phSng (ABCD) vu6ng gdc vdi mat ph£ng (SBD) 

b) Tam gidc SBD la tam giac vudng cdn 

Giai 

a) Vi ABCD la hinh thoi => AC 1 BD (1) 

Goi O la giao diem cua AC va BD 
=> O la trung di<?m cua AC. 

Vi SA - SC => A SAC cSn dinh S 
=> SO i AC (2) 

Tif (1) va (2) => AC 1 (SBD) 

Ma AC c (ABCD) 
suy ra (ABCD) 1 (SAC) (dpcm) 

b) Ta c6 A BOC vudng tai 0=> OB 2 + OC 2 = BC* = a 2 (1) 

A SOC vudng tai O => OS 2 + OC 2 = SC 2 = a 2 (2) 

Tif (1) va (2) ^ OB 2 = OS 2 OS = OB = - BD 

2 

Ma O la trung diem BD =? trong tam giac SBD c6 trung tuySn SO bing 
nda canh day BD => tam giac SBD vudng d S (dpcm). 
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Bai 7. Cho hinh chCf nhAt AH('T).A'iVC’l)' c6 AB - a, BC = b, CC’ = c. 

a> Chufng minh rflng mftt phftng (ADC’B’i vnOng gdc vdi mat ph&ng 
(ABB’A’). 

bi Tinh do dhi dirdng chco AC then a, b, c. 

Giai 


a) Vi ABCD 1<S hinh chtf nhat nen AI) i AB (1) 
vi ADD’A' 1A hinh chtf nhat nen AD i AA' (2) 
tC/(l) v& (2) => AD ± (ABB'A ) 

mA AD c (ADC’B’) nen (ADC'B’) 1 iABB’A’) 

b) Ta c6: 

AC = AB + AD +AA' 



=> AC ,Z = (AB + AD + AA')* 

= AB* + AD* +■ AA' 2 + 2( AB.AD + AB.AA + AA’.AD) 
= a 2 + b 2 + c 2 

(vi AB L AD, AB 1 AA', AD 1 AA' nen cac tich vo hirdng 


AIJ.AD = 0. AB.AA' = 0 AD.AA' = 0) 

Vfiy AC = yfa*~+l)*~+~c* 

Bai 8. Tinh d$ dAi di/dng ch6o cua mot hinh lap phi/cmg canh a 

Giai 

Ap dung ket qua bhi 7b vdi a = b = c ta duoc: dp dhi dudng chdo hinh l£p 
phdong canh a bang a -Js. 

Bai 9. Cho hinh ch6p tam giac deu S.ABC co SH lh di/dng cao. Chdng minh 
ring: SAlBC vh SB 1 AC 

Giai 

Goi M 1A trung di£m BC =t> AM i BC (1) 

Vi SH IA diking cao cua hinh ch6p nen SH 1 (ABC) 

VA H e (ABC) 

Vi S.ABC 1A hinh ch6p d4u a 

=> SA = SB = SC 

=>HA = HB = HC => H la tam dudng tr6n ngoai 
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ticp tam gidc deu ABC 

=* H e AM. 

=> HA Id hinh chieu ciia SA tren mat phang (ABC) (2) 

Ttf (1), (2) vd theo dinh ly ba diftng vuong goc suy ra SA 1BC. 

Tuong tu ta chufng minh diA?c SB 1 AC (va SC 1 AB) 

Bai 10. Cho hinh ch6p tuT gidc deu S.ABCD c6 cdc canh b6n va cdc csnh 
d4y d£u b^ng a. Goi O la tam ciia hinh vudng ABCD. 

a) Tinh dQ dai doan tiling SO 

b) Goi M la trung diem doan SC. Chufng minh rftng hai m&t phing 
(MBD) va (SAC) vudng g6c vdi nhau. 

c) Tinh db dai doan OM va tinh goc gitfa hai mat phang (MBD) va (ABCD) 

Giai 

a) Ta c6 AC = BD = a>/2 => AO = — 

2 

=> SO = VSA 2 - AO 2 = Ja* - — = — 

V 4 2 


b) Vi cdc canh b&n va canh day deu bang a nan cac tam giac SBC va SDC 
la cdc tam gidc deu; M la trung diem SC => BM 1 SC va DM 1 SC 


=> SC 1 (MBD); ma SC c (SAC) 
=> (MBD) 1 (SAC) (dpcm) 


c) Vi BM la dudng cao cua tam giac d4u 
canh a 


BM = 


a>/3 


Trong tam gidc vudng OMB ta c6: 

OM = x/MB 2 - OB' 2 = = i 

V 4 4 2 


S 



Lai thS’y: AC 1 BD va SO 1 AC => BD i (SAC); m& BD la giao tuyd'ci ;ua 

mat phing (MBD) va mat phing (ABCD) => g6c MOC la g6c gitfa haii nat 
phang (MBD) vd (ABCD). 

SO s 

Trong tam gidc vuong OSC c6: OM = MS = MC = — = — 

2 2 

=>A MOC la tam gidc vuong can => MOC = 45°. 
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Bai 11 - Cho hinh chop S.ABCD co day AIR'D la hi nh thoi tarn I canh a va 
co g6c A bang 60". canh SC va SC vuong g6c vdri mat phSng (ABCD) 

a) Chufng mini) mat phang (SBD) vuong goc voi mfit phftng (SAC). 

b) Trong tarn gidc SAC ko IK vuong goc vi/i SA tni K. Hay tinh do dai IK 

ci Chtfng minh BKD 90 va lit do suv ra mat phftng (SAB) vuong goc 
voi mat phftng (SAD). 

Gidi 

a) Vi ABCD la hinh thoi 
u AC 1 BD (l) 

Theo gia thiet SC i (ABCD) 

=* SC 1 BD (2) 

Tif (1) vft (2)=> BD i(SAC) 

M<i BD c (SBD) suy ra (SAC) l 
(SBD) (dpcm) 

b) Vi ABCD la hinh thoi canh a C 
va A - 60° = 60° 

=> C = 60"; B = D = 120° 

=> AC’ = BC* + BA 2 - 2BC.BA.cos 120° 



= 2a 2 + a 2 = 3a 2 
=> AC - a\/3 

Trong tarn giftc vuong CSA co: 


SA 2 = SC 2 + CA 2 = — +. 3a- r 

4 


18a 2 

4 


rr> SA * 


3av/2 

2 


Vi AAIK ~ AASC (g.g) 

AI IK AI.SC 

=> -— = — => IK = —— 
AS SC AS 



c) Vi A = 60° v& AB = AD = a => A ABD deu => BD = a 
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Tam gidc KBD c6 KI = IB = ID = ^ => A KBD vudng tai K hay BKD -- fO°. 

NhSn xet BD 1 (SAC) ma SA c (SAC) => BD 1 (SA) 

Hon nGa IK 1 SA suy ra SA 1 (KBD). 

Ma SA 1 k giao tuyffo cua (SAB) va (SAD) suy ra BKD chfnh la g6c giiJa mat 
ph&ng (SAB) va mat ph^ng (SAD). Vay (SAB) 1 (SAD) (dpcm) 

III. C&u hii trfic nghi^m 

1. Cho tii di£n ABCD c6 hai mat phSng (ABC) vk (ABD) cung vuong g6o vdi 
day (BCD). Kh^ng dinh nao sau day la sai? 

(A) AB 1 (BCD) ; <B) AC 1 (BCD); 

(C) AB 1 CD ; (D) AB 1 BC. 

2. Cho tur difn SABC c<5 ABC = 90°, AB - 2a, BC = aV3; SA 1 (ABC); SA = 2a. 
Khi d6 g6c giura mat ph&ng (SBC) va mat phdng (ABC) b&ng? 

(A) 45° ; (B) 30°; (0 90°; (D) 120° 

/q 

3. Cho hinh thoi ABCD canh a, tam 0; OB = —-;SO 1 (ABCD)va 

SO = . Khi d6 g6c gifla mat ph&ng (BSA) va m§t ph&ng (DSA) b&ng? 

3 

(A) 45°; (B) 60° ; (0 30° ; (D) 90°. 

4. Cho hinh ch6p S.ABCD c6 SA 1 (ABCD) va SA = a>/2, day ABCD la 
hinh thang vudng tai A va D vdi AB = 2a; AD = DC = a. Khi d6 gdc gitfa 
mat ph&ng (ASB) vA mat ph&ng (CSB) b&ng? 

(A) 30°; (B) 45° ; (0 60° ; (D) 90°. 

5. Cho hinh ch6p S.ABCD c6 day ABCD la hinh thang vudng tai A va D c6 
AB = 2a; AD = DC= a,SA 1 (ABCD) va SA = a. Gpi (a) la mat ph£ng qua 
SD va vudng g6c vdi (SAC). Di§n tlch cua thidt di@n cua hinh ch6p S.ABCD 
va (a) b&ng? 
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§5. KHOANG CACH 


I. Tom tat ly thuyet 

1. Khoang cAch tu nun O den dudng thAng a la do dAi doan 
tilling OH vdi H la hinh chivu nw <) In n a Ki hum <1(0, a). 

2. Khoang each to mat diem <> don mat phAng (o) la do dai doan 
thAng Oil vdi H la hinh chibu am O in n ' a . Ki hieu tl(0, a j. 

3. Cho dudng thAng a song ... vdi mat phAng ( « ). Khoang each giifa 

dudng thAng a va mat phAng t <». ) la khoang each tif mot diem bat. ki cua a 
den in'tt phAng (u ) ki hieu la: dtu.'i 1 

4. Khoang cAch giifa hai niAt. phAng song song la khoang cAch tit mot 
diem bat ki cua mAt phAng nay den mAt phAng kia. Ki hieu la d ((a ), ((i)). 

5. Dudng thAng A cAt hai dudng thAng a. b chbo nhau vA cung vuong 
g6c vdi mdi dudng thAng ay ditoc goi la difdng vuong gdc chung cua a vA b, 

Neu difdng thAng vuong gdc chung \ cat hai difdng thAng cheo nhau a 
vA b Uin lutft tai M va N thi do dai doan thAng MN goi 1A khoang cAch gitfa 
hai dudng thAng chbo nhau a vA b. 

(5. Khoang each gitfa hai difdng thAng cheo nhau bAng khoang cAch 
gitfa mdt trong hai dudng thAng do va mAt phAng song song vdi nd chtfa 
difdng thAng edn lai 

- Khoang cAch gida hai difdng thAng cheo nhau bAng khoang cAch gitfa 
hai mat. phAng song song lAn lout chda hai difdng thAng do. 

II. Bai tap eSn ban 

Bai 1. Trong cAc menh de satt day. m£nh de nAo 1A dung? 

a) Difdng thAng A la difdng vuong goc chung ciia hai difdng thAng a vA b 
nSu A vuong goc vdi a vA A vuong g6c vdi b. 

b) Goi (P) 1A mAt phAng song song vdi ea hai dudng thAng cheo nhau a va 
b. Khi dd dudng vudng goc chung A cita a vA b luon luon vudng g6c vdi (P). 

c) Goi A 1A dudng vuong gdc chung cua hai dudng thAng a vA b chdo 
nhau thi A 1A giao tuy&n cua hai mAt phAng (a, A ) vA (b, A). 

d) Cho hai dudng thAng chdo nhau a vA b. Difdng thAng nAo di qua mdt 
diem M tren a dong thdi cAt b tai N va vuong g6c vdi b thi dd 1A dudng 
vudng gdc chung cua a vA b. 

e) Difdng thAng vudng gdc chung A cua hai dudng thAng chdo nhau a vA 
b nHm trong mAt phAng chda dudng thAng nAy vA vudng gdc vdi dudng 
thAng kia. 
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Giai 


a) sai ; b) dung ; c) dung ; d) sai ; c) sai. 

Bai 2 Cho tiY di$n S.ABC c6 SA vuong g6c vdi mSt ph^ng (ABC). Goi H. K 
Ian lifot la true tam cua ede tam gidc ABC va SBC. 

a) ChUng minh ba dufrng th&ng AH, SK, BC d6ng quy. 

b) Chdng minh rkng SC vuflng g6c vdi mat piling (BHK) va HK vutng 
gdc vdi mat phAng (SBC). 

c) Xac dinh duftng vuong g6c chung cua BC va SA 


Giai 

a) Goi M la chan duifng cao ha ti/ S xuong BC vi 
SA 1 (ABC) => AM la hinh chiS'u vuong g6c cua 
SM tr£n mat phang (ABC). 

Vi SM 1 BC => AM 1 BC (theo dinh H ba duftng 
vuong g6c) 

Vi H, K la true tam cua A ABC va A SBC 
nftn AH, SK va BC dong quy tgi M (dpcm). 

b) Vi H la true tam cua tam gidc ABC =>BH 1 AC (1) 
vi SA 1 (ABC); BH c; (ABC) =5 BH i SA (2) 

TU (1) va (2) suy ra BH 1 (SAC) => BH 1 SC (3) 

Vi K la true tam cua A SBC => BK 1 SC (4) 

Ttt (3) va (4) suy ra SC 1 (BHK) (dpcm) 

- Theo chufng minh trfin SC 1 (BHK) =? HK 1 SC (5) 

Mat khde do AM 1 BC vA SM 1 BC => BCl (ASM) =>BCl HK (6) 

Tif (5) va (6) suy ra HKl (SBC) (dpcm) 

c) De thfiy AM la duftng vuong g6e chung cua BC va SA. 

Bai 3. Cho hinh ldp phuong ABCD.A’B’C’D” canh a. ChUng minh r&nigcdc 
khoang edeh tif ede di£m B. C, D, A’, B’. D’ den duftng chdo AC’ d&u bing 
nhau. Ti'nh khoang edeh d6. 

Giai 
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Vi AilCD.A’B’C'D’ la hinh lap phifong :• car uf gidc ABC’D’, ACC’A’ , 
ADC’B’ 1A cdc hinh chCf nhat bflng nhau vd eb cliung di/dng chbo AC’. Suy ra 
khoang each tir ede diem B, C. D, A'. B’. D’ den diffrng chdo AC’ b&ng nhau. 
Ta chi tinh m&t khoang edeh r6i suy ra ket qua con lai. 

Xdt hinh chuf nhat ABC’D’ c 6 ede canh 
AD’ = aV2; AB = a => AC = aV3 - 


Goi K, H Idn lifcft Id chAn diffrng vuong g 6 c ha tir R vA D’ xufi'ng AC’ 
=5 BK = D’H Id khoang edeh tif B va D’ deii AC’. 


De th§y A ABK - A AC’B (g.g) 


AB BK „„ ABC 1 B 

- =-=> UK - - 

AC’ C’B AC' 


=5 BK ^ 


ax/2 


a</3 


Vay khoang edeh 
a >/6 
3 


aV6 

~3~ 

ti/ ede diem B, C, D, A', B', D' den AC’ bdng nhau vd bang 


Bai 4. Cho hinh hop chuf nhat ABCD.A’B’CD' co AB = a; BC = b, CC’ = c 

a) Tinh khoang edeh ttf B d£n mdt phang (ACC’A’). 

b) Tinh khoang edeh giura hai difdng th&ng BB’ va AC’ 


Gidi 


a) Trong mat phlng (ACC’A’) diing 
BH 1 AC (1) 

(H iikC). 

Ta thay ABB’A’ vd ADD’A’ Id ede 
hinli chtf nh$t 
=> AA’ 1 AD vd AA’ 1 AB 
=>AA’ 1 (ABCD) 

= 5 . AA’ 1 BH (2) 

Tif (1) vd (2) suy ra BH 1 (ACC’A’) 



=* BH Id khoang edeh tif B den mdt phang (ACC’A’). 


Trong hinh chCf nh|t ABCD cd AB = a, BC = b => AC = Va* + b* 


Nhdn xdt: A ABH - A ACB (g.g) 


AB = BH ^ BH = AB.BC 
AC CB AC 
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=> BH 


ah 

Va 2 + b* 


b) Vi BB' // AA’ BB’ // (ACC'A') va AC' c (ACC’A') => kho&ng edeh giura 
BB’ vd AC’ bang khoang each tif BB’ den mat phang (ACC’A’) va cung bdng 
khodng each tit di«?m B den mat phang (ACC’A’). 

Theo cAu a) khoang eh eh ndy bang BH = — 

Va 2 + b 2 


Bdi 5. Cho hinh lip phiftfng ABCD.A’B’C’D’ 

a) Chtfng minh rang B’D vuong goc vdi mat phang (BA’C’) 

b) Tinh khoang each giCfa hai mat phang (BA’C’) va (ACD - ) 

c) Tinh khoang edeh gitia hai dtfdng th&ng BC’ vd CD’. 


Gidi 

a) Vi ABB’A’ Id hinh vuong ndn A’B 1 AB’ 
lai thd’y AD 1 (ABB’A’) => AD 1 A’B 

suy ra A’B l(ADB’) =>A’Bl DB’(1) 

Do A’B’C’D’ la hinh vuong 

=> A’C’ 1 B’D’, DD’l (A’B’C’D’) =5 DD’lA’C’ 

Suy ra A’C’l(DB’D’) => A’C’ 1 BD (2) 

T£f (1) vd (2) suy ra B’Dl (A’C’B) 

b) Goi H vd K Urn lifcft Id giao diem cua B’D 
vdi mat phdng (BA’C') vd mat phang (ACD’). 



Ta da chtfng minh di/oc B’D 1 (BA’C’) vd (BA’C’)// (ACD’) => DK 1 (ACD’) 
vd B’H 1 (BA’C’). 


De thdy AC = AD’ = CD’ = aV2 (gia sOf canh ciia hinh lap phifcmg Id a) vd 


DKl (ACD’l^^r 


1 1 1 1 1_ J_ _1^ 

DA 2 + DC 2 + DD’ 2 ^ DK a ~ a 2 + a 2 + a 2 


3 


. DK = 


a>/3 


Ti/ong tii ta cung c6 B' H = 


aV§ 


Md B'D = aV3=> HK = B’D -B’H- DK = aV3-^ - —= ^ 

3 3 3 

V&y khoang edeh giCfa hai mdt phSng (ACD 1 ) vd (BA’C’) b&ng HK = 


a Vs 
3 
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c) Vi BC' (BA'C) va CIV < \< l>\ hen cai.h An (AGD’> // (BAX”) 

suy ra kihpang each tit Bi.den Cl)' bang khoang cSch gitfa (ACD’) va 

(BAX") va bang ~ . 

Bdi H. Chtfng minh rang neu dufrng thfmji noi trung diem hai canh AB va 
CD cua tii ilion ABCD !:i di/iJng vu<ing go r chung cua AB va CD thi AC = BD 
va Al) = JBC. 

Gidi 

Goi I, J, iK, L, M, N lan ltfcft la trung diem cua AB, AD, CD, BC, AC, BD 

**Kh«*«" 

V 9 JN/i“} =5lKlJN 

Tir(l) va (2) suy ra IK L (JMLN) 

=> IK 1 JL 

Mat khAe- IJKL la hinh binh hanh 
==> I.JKL la hinh thoi ^ IJ= JK 
Ma BD = 2XJ; AC = 2JK => BD = AC 
Chtfng m:in 1 tddng ttf ta cung diftfc: AD =BC 
V§y AD = BC va BD = AC (dpcm). 

Bdi 7. Clhc hinh ch6p tam giAc deu S.ABC co canh day b&ng 3a, canh ben 
bang 2a. Tinh khoang cAch ttf S tdi mat day (ABC). 

Gidi 

Goi M la trung diem BC va AO = ~ AM 

(O e AM)) 0 lh trong tam A ABC 
=>SOl(ABC) do dai SO la khoAng 
each ttf S den mat phSng (ABC) 

Ta co: Triong tam gidc vuong MAB c6: 

AM = VaB 2 - BM 7 

9a 2 _ 3a>/3 
V * ~ ~T 2 

=> AO = -AM = -.^^ = a>/3 
3 3 2 
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Trong tam gidc vufing OAS ta co: SO = 7SA 2 - AO 2 = 74a 2 - 3a 2 = a 
Vdy khodng cdch tif S den mat day (ABC) b&ng a. 

Bai 8. Cho tuf di£n deu ABCD canh a. Tinh khodng cdch giufa hai canh dfii 
cua til difin d£u dfi. 

Gidi 

Goi M, N ldn ltfdt la trung di£m cua AB va CD 
Nhdn thdy cdc tam gidc deu BCD vd ACD b&ng nhau 
=> Cac trung tuyen AN va BN bkng nhau. 

=5 A NAB din dlnh N, M la trung diem AB 
=>NM 1 AB. 

Chtfng minh tUcmg til ta dtfoc NM1 CD 
Vdy MN la dddng vufing g6c chung cua AB va CD 
a73 
2 

MBN c 6: 

MN = 7BN 2 - BM 2 
- /3a 2 a 2 a72 
V 4 " 4 2 

Day cung chinh la khoang each gicra hai canh ddi cua tur dien ABCD. 

III. CAu hoi trfic nghi^m 

1. Cho hinh ch6p S.ABCD c6 ddy ABCD la hinh vu6ng canh a, canh SA 1 (ABCD) 
vh SA = a72 . Khodng cdch giufa hai diiftng th&ng AB vd SC b&ng: 


Ta tinh duttc BN = - 


Trong tam gidc vufing 



(A) 


(DO 

3 


; (B)l^ ; (0^1; 

3 2 3 

2. Hinh chfip S.ABCD efi ddy ABCD la hinh vufing canh a; SA1 (AECD) va 
SA = a. Khodng edeh giOa SC vh BD bdng bao nhifiu? 


(A) 


a73 


(B) 


(C) «H (DO 

2 3 6 4 

3. Cho hinh lSng tru ABCA’B’C’ c6 ddy ABC la tam gidc deu cam! a; AA’ 

vuong gfic vdi mat phdng (ABC) vd AA’=^^. Goi O vd O’ ldn li/ptt d trung 

2 

di£m AB vd A’B’. Khoang edeh giufa AB vd CB’ bang bao nhieu? 


(A) 


a TIP 

10 


(B) 


a730 

10 


(C) 


a 73 


*»# 
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1. Chu Iiinh chop S.ABC1) co day AHCI) la hinh vuong canh bhng a; SA I (AIK '!)) 
va SA a \J 3 Goi O lh Lam hinh vuong ABCD. Khoang each tCf B den mat 
phfuij; (SAC) bang bao nhieu? 


(A) 


(B) 


aVTJ 


(Cl 


a\/ji 


(D) 


a J'A 
2 


5. Cho ti'f di#n SARC, co ABC la tam giac vuong can dinh B vA AC = 2a; 
SA J (ABC) vA SA= a. Khoang each ttr A den mat phAng (SBC) bang bao 
nhieu? 


6 


(I). !^t 
3 


(C) - 


\/6 


(D) 


a\/6 

4 


IV. Dap an 


CSu 

i” 

2 

3 

4 

5 

| DAp An 

(A) 

(C) 

(B) 

(D) 

(Bl 


CAU HOI ON TAP CHl/ONG III 

1. NhAc lai dinh nghia vecto trong khong gian. Cho hinh l&ng tru tam gidc 
ABC.A’B’C’. Hay ke? ten nhCfng vecto bang AA' c 6 diem dAu vA diem cuoi la 
dinh cua hinh lAng tru . 

Trd l</i 

- Vecto trong khong gian 1A mot doan thang c 6 
hi/dng. Ki hieu AB chi vecto co diem dau A, 
diem cuoi B. 

- CAc vecto co diem dau vA diem cu6’i 14 dinh cua 
hinh lang tru b&ng vecto AA' 1A cAc vecto BB 
vd CC '. 



B’ 


2. Trong khong gian cho ba vecto a,b, c d6u khAc vecto kh6ng. Khi nAo ba 
vecto d6 dong ph&ng. 

Trd toi 

Ba vecto a.b.c dong ph&ng khi vA chi khi ton tai cAp so m, n sao cho 
c = ma + nb hoAc khi hai trong so' 3 vecto d<5 ciing phoong. 
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3. Trong khdng gian, hai dudng thing khdng clt nhau c6 the vudng goc vdi 
nhau, c6 the cheo nhau vA cung cd the song song vdi nhau? 

Tra lifi 

- Trong khong gian, hai dudng thing khong cat nhau c6 the vudng goc 
vdi nhau, cd the ch6o nhau, vA cyng c6 the' song song vdi nhau. 

- Hai dudng thing a vA b vu6ng goc vdi nhau khi vA chi khi u vA v 
vudng goc vdi nhau «£> u.v 0 . 

4. Muon chdng minh dddng thang a vuong gdc vdi mat phlng (a ) cd can 
chiifng minh a vudng gdc vdi moi dudng thang cua (a ) hay khdng? 

Trd lifi 

De chdng minh dddng thing a vuong goc vdi mat phang (a ) khdng cln 
chdng minh a vudng goc vdi moi dudng thang cua (a) mS chi din chdng 
minh a vudng gdc vdi hai dudng thang clt nhau nlm trong (a ) Id du 

5. Hay nhlc lai n§i dung dinh li ba dddng vudng gdc. 

Trd lifi 

Cho dddng thing a nhm trong mAt phlng (a ) vA b 1A dudng thing khdng 
thude (a ) va khdng vudng gdc vdi (a ). Goi b’ la hinh chie’u vudng gdc cua b 
tren (a ). Khi do a vuong gdc vdi b khi vA chi khi a vuong gdc vdi b’. 

6. Nhlc lai dinh nghla: 

a) Gdc gida dddng thing vA mat phang; 

b) Gdc gida hai mat phlng. 

Trd lifi 

a) Gdc gida dddng thing a vA mAt phlng (a ) 1A gdc gida dddng tiling a 
vA hinh chi£u a’ cua a tren (a ). Neu a // (a ) hoAc a c( a ) thi gdc gida a vA 
(a) quy ddc blng 0°. 

b) Gdc gida hai mat phang (a ) vA (p) 1A gdc gida hai dddng thang a vA 
b lln ldtft vudng gdc vdi (a ) vA (P). 

7. Muon chdng minh mAt phang (a ) vuong gdc vdi mat phang (p) thi phjii 
chdng minh nhd the nAo? 

Trd lifi 

Muon chdng minh mat phlng (a ) vudng gdc vdi mat phang (P) thi ph|i 
chdng minh (a ) chda mdt dddng thing a sao cho a vudng gdc vdi (p ). 

8. Hay neu cAch tinh khoAng edeh: 

a) Td m^t diem den mot dudng thing; 
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i suntf song vtii a; 


bj 'I if difting thing a den mat pliain 1 u 

c) Giffa liai mat piling song song 

Tra l<fi 

a) De tinh khoang rich tif ilium A dun mol (lifting thing A ta tini hinh 
chieu vuong gtic 11 ciia ditni A In n (lifting lining A sau do tinh do dai doan 
thing AH, <16 clu'nh la khoang cru-h tif diem A don (lifting thing A . 

bi Do tinh khoang each tif difting thang a don mat piling (a ) song song 
vtii a ta chon mot diem nao do ciia difting thang a roi tim hinh chieu ciia 
diem do trdn mlt phlng (a. >, Dp dai doan voting gtic do chinh la khoang 
each iff a den (a ). 

c) Dti tinh khoang each giffa hai mat ph.ing song song ta tim mot diem 
M nao do ciia mot trong hai m$t phlng roi tim hinh chieu cua diem M do 
tree mdt phlng ctin lai. Do dai doan vuong goc do chinh 16 khoang each 
gitin hai mat phlng song song, 

9. (’ho a vd b Id hai difting thang chtio nhau. Co the tinh khoang edeh giifa 
hai dt/ting thang cheo nhau niiy bang nhting edeh ntio? 

Tra Icti 

NhCfng edeh tinh khoang edeh gitia hai difting thang a vd b cheo nhau: 

Cach 1. Tim difting vuong gtic chung A clt a vd b lan lifot tai M vd N. Do 
ddi doan thang MN chinh Id khoang edeh giifa hai difting thing chtio nhau do. 

Cach 2 Tim mat piling (a ) chda a Vd (a ) // b. Tim hinh chieu H cua 
mdt ditim M bit ki ndm tren difting thing b len mat phlng (a ). Dp ddi 
doan MH chinh Id khoang each giffa hai difting thing cheo nhau a vd b. 

Cach 3. Tim hai mat piling song song lan liftit. chda a vd h. Tim hinh 
chii'u H cua intit diem M bat ki thuoc mot trong hai mat piling den mat 
phlng ctin lai. Do ddi doan MH chinh Id khoang clch giifa hai difting thing 
chtio nhau a vd b. 

10. Chtfng minh ring tap hop ede diem each deu ba dinh cua tarn gidc ABC 
Id difting thing vuong goc vtii mat phlng (ABC) vd di qua tarn cua difting 
trim ngoai tiep tam giac ABC. 

Tra Ibi 

Goi O Id tdni difting trtin ngoai tiep tam gidc ABC. 

Gia stir diem M thoa man MA= MB = MC. Khi do ta thSy ede tam gidc 
MOA, MOB, MOC blng nhau theo trvfting hop c.c.c. 

Cfyi I Id trung diem AB AIMA = AlMB (c.c.c) => MIA = MIB = 90° 

=> 1M 1 AB 
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Mat khdc Oil AB suy ra AB 1 !MOI)=> OM 1 AB. 

Chutng minh Luang tu ta cung duuc AC 1 OM. Suy ra OM 1 (ABC Vay M 
chay tren dddng thing di qua 0 vd vudng g6c vdi mat phing (ABC) (dp'-m). 

bAi tap on tap chi/cJng III 

Bai 1. Cdc menh de sau day, menh de nao la dung? 

a) Hai dudng thing phan biet cung vuong g6c vdri mot mat phing thi 
chung song song. 

b) Hai mat phing phan biet cung vuong goc vdi mot dudng thing thi 
chung song song . 

c) Mat phing (a) vudng g6c vdi dating thing b md b vuong goc dating 
thang a thi a // (a ). 

d) Hai mat phing cung vuong g6c vdi mot mat piling thi chung song song. 

e) Hai dating thing cung vuong gdc vdi mot doting thing thi chung 
song song. 

Giai 

a) Dung; b) Dung c) Sai ; d) Sai ; e) Sii. 

Bai 2. Cdc diiu khing dinh sau ddy, diiu nio li dung? 

a) Khoang cdch cua 2 dating thing chdo nhau Id doan ngin nMt trong 
cdc doan thing noi hai diem bit ki nim tren hai dudng thdig Sy vd 
ngifdc lai. 

b) Qua m6t diim cd duy nhdt mot mat phing vuong g6c vdi n&t mat 
phing khdc. 

c) Qua mot dating thing cd duy nhat met mat phing vuong gdc vdi 
m$t mat phing khdc. 

d) Bating thing nio vudng gdc vdi ca hai dating thing chdo rftau cho 
trade Id dating vudng gdc chung cua hai doting thing d6. 

Giai 

a) Dung ; b) Sai ; c) Dung ; d) Sai. 

Bai 3. Hinh chdp S.ABCD cd ddy ABCD Id hinh vuong canh a, cam SA= a 
vd vudng gdc vdi mat phing (ABCD). 

a) Chufng minh ring cac mat ben cua hinh chdp Id nhtfng tun gidc 
vuong. 
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b) Mat phang !u ) di qua v& vuong goc v<jri canh SC lAn luyt cat. SB, SC, 
SI) tai B\ C. I)’. Cluing minh B’D* song song vdri BD va AB’ vuong 
roc vai SB. 

Gidi 

a) Ta thay cac tam gi£c SAB va SAD 
la cdc iam gi.lc vuong tai A. 

- Vi AD U BC mi) AD J_ (SAB). 

S* BC J (SAB) b> BC 1 SB 
=> a SBC vuong tai B. 

Tuong ta: AB 1 (SAD) v& CD // AB 
=> CD i (SAD)=> CD ± SD 
=> A SCI) vuong tai D. 

Vay ('Ac. mat bi)n cua hlnh ch6p la c£c tam giac vuong. 

b) Vi BDl AC va BDlSA nen BDl (SAC) => BD 1 SC 
Ma (all SC=> BD // (a ) (1) 

Theo gia thiet B’D’ c (o ) => B’D’ 1 SC (2) 

Tir(l), (2)va BD 1 SC => BD // B’D’ 

* Vi A’B’ L SC (do SCJ_( a )) v& AB’J_ BC (do BC 1 (SAC)) => AB’i. SB. 
Bai 4. Hinh chop S.ABCD co day ABCD 1ft hinh thoi tam O canh a va co 
goc BAD = 60°. Btf&ng thdng SO vuong g6c vdi mat ph&ng (ABCD) va SO = 

—. Goi E la trung diem cua doan BC, F la trung diem cua doan BE 
4 

a) Chdng minh mat piling (SOF) vuong goc vdi mat ph&ng (SBC) 

b) Ti'nh cac khoang each t£f O va A d§'n mat phang (SBC). 

Gidi 

a) Vi E lA trung diem BC va O la trung 
diem AC. 

=> OE = - AB = - 
2 2 

Thco gi.4 thiet hinh thoi ABCD c6 g6c 
BAD = 60° 

=> A BAD deu BD = a OB = — 

2 

=> A OBE la tam giAc deu. 

F B trung di§m BE => OF i BE => OF 1 BC (1) 
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Lai go SO 1 (ABCD) => SO 1 BC (2) 

Ttf (1) vd (2) suy ra BC 1 (SOF) 

Md BC c (SBC) => (SOF) 1 (SBC) (dpcm). 
b) Trong mat ph&ng (SOF) ve OH 1 SF (H € SF) 
vi BC 1 (SOF) =5 BC 1 OH =* OH 1 (SBC) 

=s- do dai doan thing OH la khoang cdch ttf O den mat phSng (SBC). 

Trong tam gidc vudng OSF c 6 dtfdng cao OH => —-j = —-y +■ — 

OH Oo OF* 

1 1 1 64 „„ 3a 

=> = —- +- — 3 - = —- => OH = — 

OH 2 9a J 3a 2 9a z 8 

16 16 

Goi I la giao diem cua OF va AD. Trong mat ph&ng (SIF) dtfng IK _L SF. 
Vi OH 1 SF, IK 1 SF OH II IK ^ IK 1 (SBC) 

=> do dai doan thing IK la khoang cdch tif I den mat phdng (SBC). 

Lai thay I e AD mil AD // (SBC) => IK la khodng cdch tit AD den 
mfit ph&ng (SBC) hay IK la khoang cdch tit A dd’n mdt phftng (SBC). 

De thay OH la dtfdng trung binh ciia A FIK 

=> IK = 3.OH = — 

4 

o a Qq 

Vdy d(0, (SBC)) = y va d(A, (SBC)) = y . 

Bai 5. Tuf di#n ABCD c 6 hai mat ABC va ADC ndm trong hai mat ph&ng 
vudng gdc vdi nhau. Tam gidc ABC vudng tai A cd AB = c, AC = b. Tam gidc 
ADC vudng tai D c 6 CD = a. 

a) Chtfng minh cdc tam gidc BAD vd BDC la cdc tam gidc vuong. 

b) Goi I vd K ldn loot Id trung diem cua AD vd BC. Chtfng minh IK Id 
dtftfng vudng g 6 c chung cua hai dtfdng thing AD vd BC. 

Gidi 


a) Vi (ABC) 1 (ADC) vd AB 1 AC n&n AB 1 (ADC) 
=> AB 1 AD A ABD vudng tai A. 

Vi AB 1 (ADC) => AB 1 CD; 

Theo gid thiet AD 1 DC; 

Suy ra CD 1 (ABD) CD 1 BD 
=» A BCD vuong tai D 

b) Xdt A ADC vd A ADB c6 


B 
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AH DC = a; AJ) chung ; HAD CDA = 90" 

:• \ I)AC = \ ADM (e g cl ■ car trung tuyp'n HI vd Cl tiling nhau 
^ A IH<’ can dinh I, ma K la trung diem BC 
-> IK L BC(1) 

TO A I)AC = A ADB -> AC = BD ^ DB = b 


Xet A ABC vd A DCB c6 : AH = DC = a; AC = DB = b; BAC - BDC 90" 


=> A ABC - A DCB (e g c) :■ ede trung tuyen AK vd I)K bang nhau 
-^> A KAD can dinh K ma I la trung tuyen AD = K1 1 AD (2) 

Ttr (l) vd (2i suv ra IK la duerng vuong goc chung cua AD vd BC (dpcm) 
Hai 6. CHo hinh lap phtfcfng ABCD.A’B’C’D’ co canh a. 
a) Chdng minh BC’ vuong goc vdi mat phang (A’B’CD) 
h) Xac djnh va tinh do dai doan vuong goc chung cua AB’ va BC’. 
Gicii 

a) Vi ItCC’B’ la hinh vuong nen BC 1 CB‘ (1) 
vi DC i (BCC’B’) => DC i BC'(2) 

Tif (1) vd (2) suy ra BC 1 1 (A’B’CD) (dpcm) 

b) Vi AB’ c (AB’D’) va BC // (AB’D’) nen 
khoang each gida AB’ va BC’ bang khoang 
edeh td BC’ den mdt phang (AB’D’) cung chinh 
la khoang each gida hai mat phang (AB’D’) vd 
(BDC). 



Ta da tinh ddbc khoang edeh nay bang 


aj3 

3 


Bai 7. Cho hinh chdp S.ABCD c6 day ABCD la hinh thoi canh a c6 g6c 

BAP = 60" va SA = SB = SD = —. 

2 

a) Tinh khoang edeh td S d£n mat phang (ABCD) va d& dai canh SC. 
1>) Chdng minh mat phang (SAC) vuong g6c vdi mat phang (ABCD) 
r) Chdng minh SB vuong goc vdi BC. 

d) Goi <j>ld goc gida hai mat phang (SBD) vd (ABCD). Tinh tanip. 


Giai 


a) Vi hinh thoi ABCD cd goc BAD = 60' 
=> A ABD Id tam gidc deu. 



Goi H 1A tarn ciia A ABD 
Theo gia thiet SA = SB = SD 
=> SH. i (ABD) 

=> SH = d(S, (ABCD)) 

Trong tam gidc deu ABD canh a 


Trong tam gidc vuong SHA co: SH 2 = SA 2 - AH 2 

SH 2 = - 3 ~ a - - ®*L = ^ =» SH = ^ ' 

4 9 12 6 

Goi O 1A giao dig’m ciia AC vA BD => OC = OA = - AH = 

2 3 

Va OH = - AH = — => HC = HO + OC = 

2 6 6 2 3 

Trong tam giac vuong HSC co : 

SC 2 = SH 2 + HC 2 

15a 2 12a' 7a^ 

' 36 * 9 4 

Vdy SC = ~- 

b) Theo chiing minh d cdu a) SH 1 (ABCD) mA SH c (SAC) 

Vay (SAC) ± (ABCD) (dpcm) 

c) Trong tam gidc SBC c 6 : SB 2 = — ;BC 2 = a 2 ;SC 2 = — 

4 4 

=> SC 2 = SB 2 + BC 2 => tam gidc SBC vuong tai B hay SBl BC <(d:>cim 

d) Vi ABCD 1A hinh thoi => AC 1 BD (1). 

MAt khdc A SBD cAn di’nh S c 6 O la trung di£m BD => SOI BD (S). 
Tir(l) vA (2) => BD 1 (SAO) 

BD Id giao tuyg'n ciia mat phdng (SBD) vA mat ph&ng (ABCD) 

Suy ra ip = SOA = SOH . 

aVl5 

Trong tam gidc vuong SOH ta c 6 : tan <p = — = —%=- = yfb 

OH aV3 

6 
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CAU HOI trAc nghiem chi/cJng III 


1. Trong cac menh do sail <!a\ m--u!i !<• nau In dung? 

(A) Tir AH =■ 3AC la Bay m BA .'{(’A 

(Hi Tir AB 3AC ta suv ra CB 2 AC 

(C) Vi AB -2AC - 5AD non hon di&m A, B. C, D ciing thuoc mot mat 

PhSng 

(1)) Neu AB * BC thi B la trung diem cua doan AC. 

2. Tint menh dd sai trong cae menh de sau day? 

(A) Vi NM * NP -- 6 nen N la trung diem ciia doan MP; 

(It) Vi I la trung diem cua doan AB nen tit mot diem O bat ki ta co: 

oi = i (oa + ob) 

(C) Tir he thdc Aid 2AC 8AD ta suv ra ba vecto AB, AC,AD dong 
phAng 

(I)) Vi AB * BC + CD * DA =• 0 nen bon diem A, B, C , D ciing thuoc mot 
mat phAng . 

3. Trong cdc ket qua sau day, ket qua n^o dung? 

Cho hinh lap phi/ong ABCD.EFGH c 6 canh a va O la trung diem ciia AG. 
Ta co: AB.EG bang? 

(A) a 2 ; (B) aV~" ; (C) a 2 & ; (D) 

2 

4. Trong cac menh de sau , mfnh de nao la dung? 

(A) Neu dtiftng thang . uong goc vdi ditdng thAng b va difdng thang b 
vuong gdc vdi dddng t i; ng c thi a vuong goc vdi c; 

(B) NA’u ditfmg thiin { a vuong goc vdi dudng thang b v& difdng thang b 
song song vdi dddng ' n.ing c thi a vuong g 6 c vdi c; 

(C) Cho ba difdnr utf’.ig a, b, c vuong goc vdi nhau titng d 6 i mpt. Neu cd 
mot di/crng than . d vuong goc vdi a thi d song song vdi b hoac c; 

(D) Cho hai d 1 J ng thang a va b song song vdi nhau, mpt dttdng thang c 
vuong goc v' . a thi c vuong goc vdi moi dddng thiing nhm trong mat 
phang (a, b) 
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5. Trong clc mpnh.de sau day, hay tim mpnh de dung. 

(A) Hai mAt phlng phfin biet cung vuong g 6 c vdi mAt phlng thU b? thi 
song song vdi nhau; 

(B) Neu hai mAt phlng vuong goc vdi nhau thi moi dudng thing thuoc 
mAt phlng nAy se vuong g 6 c vdi mAt phAng kia; 

(C) Hai mat phlng (a ) vA ([5) vuong gdc vdi nhau vA dt nhau theo giao 
tuyd'n d. Vdi m 8 i difi’m A thuQc (a) vA mSi diem B thuQc (p) thi to c 6 
dudng thAng AB vuflng g 6 c vdi d; 

(D) Neu hai mAt phAng (a ) vA (P) deu vudng gdc vdi mAt phAng (y 1 thi 
giao tuyen d cua (a ) vA (p) neu cd se vuong gdc vdi (y ). 

6. Tim menh de sai trong cAc menh de sau dAy: 

(A) Hai dudng thAng a vA b trong khong gian c 6 cAc vecta chi phuang lln 
luot 1A u vA v. Bieu kiln can vA du de a vA b chdo nhau 1A a vA b khong 
cd dilm chung vA hai vectd u, v khong cung phddng. 

(B) Cho a, b 1A hai dudng thing chdo nhau vA vudng gdc vdi nhau. Dudng 
vuong gdc chung cua a vA b nlm trong mAt phlng chda dudng nAy vA 
vuong gdc vdi dudng kia. 

(C) Khong thf? cd mQt hinh chdp ttf giAc S.ABCD nAo cd hai mAt bln 
(SAB) vA (SCD) cung vuong gdc vdi mAt phlng dAy. 

(D) Cho u, v 1A hai vectd chi phudng cua hai dudng thing dt nhau nlm 
trong mAt phlng (a ) vA n 1A vectd chi phuang cua dudng thing A . Dilu 

, kiQn cln vA du dl A 1 (a ) 1A n.u = 0 vA n.v = 0. 

7. Trong cAc mQnh de sau day, menh de nAo 1A dung? 

(A) Mot dudng thing dt hai dudng thing cho trUdc thi cl ba dudng 
thing dd cung nAm trong mQt mAt phlng. 

(B) MQt dudng thing dt hai dudng thing dt nhau cho trudc thi cl ba 
dudng thing d 6 cimg nAm trong mQt mAt phlng. 

(C) Ba dudng thing clt nhau tifng doi mot thi cimg nAm trong mQt mAt phlng. 

(D) Ba dudng thing dt nhau tifng ddi mQt vA khong nAm trong mQt mAt 
phlng thi ding quy. 

8 . Trong clc mQnh de sau, menh de nAo 1A dung? 

(A) Hai dudng thing phan biQt cung vudng gdc vdi mQt mAt phlng thi 
song song; 

(B) Hai mAt phlng phan biet cung vuong gdc vdi mQt mAt phlng thi song 
song; 
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(('» llai dddng thang phan bidt ciing vuong gee vdi mdt dddng thflng thi 
song song; 

(D) Hai dddng thang khong ai va khong .son}: .~>mg thi cheo nhau. 

9. Troiig cric menh de sail, menh do ndo la dung? 

(A) Hai dddng tiding phan hint, ciing song song vdi mot mat phang thi 
song song vdi nhau. 

(Bi llai mat ph&ng phan hint ciing vuong goc voi mot mkt ph&ng thi cat nhau. 
(Cl Hai dddng thang phan biet ciing vuong gdc vdi mot dddng thang thi 
vuong gdc vdi nhau. 

(D) Mpt mat phang («) vd mot dddng thflng a khong thuqc («) ciing 
vuong gdc vdi dddng thang b thi (u ) song song vdi a. 

10. Tim menh de diing trong cdc menh de sau day. 

(A) Doan vuong gdc chung ciia hai dddng thang chdo nhau h\ doan ng^n 
nhat trong cdc doan thang noi hai diem bat ki lan lddt nSm tren hai 
dddng thiing ay va ngdpc lai; 

(B) Qua mot diem cho trifdc c 6 duy nhat mot mat phang vuong gdc vdi 
ou)t mat phang cho trddc; 

(C) Qua mot diem cho trddc co duy nhat mot dddng th^ng vuong gdc vdi 
mOt dddng thang cho trddc; 

(D) Cho ba dddng thang u, b, c chdo nhau tdng doi mot. Khi do ba dddng 
thiing n&y se n&m trong ba mat. phang song song vdi nhau tdng doi mqt. 

11 . Khoang cdch gida hai canh doi ciia m 6 t td dien d4u canh a bkng ket 
qua nao trong c.lc ket qua sau dSy: 

(A) — ; (B) ~ ; (C) ^ ;(D) aV2. 

2 2 2 


Dap a n 


can 

1 , 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

Ddp dii 

<C) 

_.(D) 

(A) 

(B) 

fD) 

(C) 

(D) 

(A) 

(A) 

(A) 

(B) 
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BA I TAP ON TAP CUOI NAM 

Bdi 1. Trong mat phdng toa do Oxy cho cdc diem A(l; 1), 13(0; 3), C(2; 4). 
Dtfng anh ciia tam giac ABC qua cac phep bien hinh sau: 

a) Phdp tinh tien theo vectcf v = (2; 1) 

b) Ph6p dd'i xdng qua true Ox. 

c) Phdp dd'i xtfng qua tarn 1(2; 1) 

d) Phdp quay tam O goc 90°. 

e) Ph6p d6ng dang co dugc b&ng edeh thi/c hien lien tiep phep dci xiing 
qua true Oy vd phdp vi tif tdm O ti so k = -2. 

Gidi 

Goi tam gidc A’B’C’ la anh cua tam gidc ABC qua cdc phdp bidn hinh 
tren. Khi d6 

a) A’ (3; 2). B’(2; 4); C’(4; 5). b) A’ (1;-1), B’(0; -3); C’(2; -4). 

c) A’ (3;1), B’(4; -1); C’(2; -2). d) A’ (-1;1), B’(-3; 0); C’(-4; 2). 

e) A’ (2;-2), B’(0; -6); C’(4; -8). 

Bdi 2. Cho tam gidc ABC ndi tiep dudng trdn tam O. Goi G vd H tifcng uTng 
Id trong tdm vd tn/c tdm ciia tam gidc. cdc di&m A’, B’, C’ ldn lifdt li trung 
di(?m cua cdc canh BC, CA, AB. 

a) Tim ph6p vi tig f bid'n A, B, C tuefng iirng thdnh A’, B\ C’. 

b) Chdng minh rdng O, G, H thdng hdng 

c) Tim anh cua O qua phdp vi tp f. 

d) Goi A”, B”, C” ldn lifdt Id trung diem cua cdc doan thdng AH, BH, 
CH, Ai, Bi, Ci theo thtf tii Id giao diem thd hai cua cdc tia AH, BH, OH vdi 
dudng trdn (O); Aj’, Bj’, Ci’ tiftrng dng la chdn cdc dudng cao di qua A &, C. 
Tim anh cua A, B, C, Ai, B,, Ci qua phdp vi tir tam H ti s6" ~ . 

e) Chtfng minh chin di£m , A’, B’, C’, A”, B”, C”, Ai\ Bj’, C/ ciinf tlhudc 
m$t di/dng tr6n (di/dng trdn ndy goi Id dirdng trdn O-le ciia tam gidc M3C). 

Gidi 

a) De thay GA' = -iGA,GB‘ = - iGB,GC 1 = -1GC. Suy ra: f Id ph6> vi tif 
tam G ti so' k = - i bien A, B, C tifemg ilng thdnh A’, B’, C\ 

b) Nhdn thd'y OA’ i BC, B’C’ // BC => A’O 1 B’C’. 



T-. •ng up B’O : AV: r G A H' 

O l;i rile tam cua i.-nit gmr .VI3'(" ma 
11 I « in® lam ciia Ian) mar \I5« 

:■ GO (111 :• (I, <). II lining hang. C 

2 

cl Taco: RO) = Oj o GO. 1 CO 

-> O; nflm tren OH vii O la trung cliein 
cua OH 

cl) Nlian (hay: anh cua A, B. 0. A., B,, (.'■ 
qua phep vj tu tam H ti so lan ludt la: A",B". C”, AT. BT, CT 

e) Chufng minh A". 13", C". A.', B ; '. (’>' ciing (hupc dirfrng tron (Oj) Sau do 
chtfng minh A’. B’. C ciing thuoc difdng iron tam (O. ) Chang han: chdng 
minh OiAj’ = OjA’. 

Ltfu y: dirtmg tron (O t ) la ditfng tron tam 0.= BO) co bdn kinh bAng ^ 
bdn kfnh dirtmg tron (0). 

Bein' •?. Cho hinh chop S.ABCD co day ABCD la hinh thang vdi AB 1A ddy 
ldn. Goi M Id trung diem ciia doan AB, E la giao diem cua hai canh b6n ciia 
hinh thang ABCD va G la trong tarn ciia tam giac ECD. 

a) Chiftig minh rhng b&ii diem S, E. M, G cimg thuoc mot mat ph&ng (a ) va mat 
phang nay cAt ca hai mat plihng (SAC) va (SBD) theo cimg mot giao tuyen d. 

b) Xdc djnh giao tuyen ciia hai mat phang (SAD) vA (SBC) 

c) Lay mot diem K tren doan SE va goi C’ = SC fl KB; D’ = SD fl KA. 
Chdng minh rang giao diem ciia AC va BD’ thuoc dufrng thang d n6i tren. 

Gidi 

a) Vi E la giao diem ciia hai canh ben ciia hinh thang, M la trung diem AB 
nSn EM cAt CD tai trung diem N ciia CD M, G, E thAng hang. 

=> S, E, M, G cimg thuoc mot. mat phang. Goi do la mat phAng (a ). 

Gpi O la giao diem cua AC vd 13D O, M, G, E thAng hang. 

SO 1A giao tuyen cua (« ) vA cac mat pitting (SAC) va (SBD) hay cl = SO. 

b) De thay SE chinh la giao tuyen ciia hai mat phang (SAD) vA (SBC). 

c) Nhan thay: d la giao tuyen ciia mat phang iSAC) va mat phang (SBD); 
AC’ la giao tuyen cua mat pining (SAC) va lABK); BD’ la giao tuyen ciia mat 
phang.(SBD) va mat phang (ABK). 
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Turc 1A ba mat phang phan biet (SAC), (SBI) 
vA (ABK) cSt nhau thoo gino tuven phan biet. 
trong d6 c6 hai giao tuy&'n AC vft BD’ cat 
nhau. Suy ra ba giao tuven d, AC’.BD' dong 
quy hay AC’ vA BD' cat nhau tai giao difi'm 
thuoc di/dng thing d (dpcm) 


$ 



Bdi 4. Cho hinh lflng tru tif giac ABCD.A’B’C'D’ c6 E, F, M vA N lit hfc»t la 
trung diem cua AC, BD, AC’ va BD’. Chung minh ring MN = EF. 

Gidi 


NhAn thay: E, M lan litot la trung dii>m cua 
AC vA AC’ EM lh ditbng trung binh cua tam 
giic ACC’ => EM = ~ CC’ vA EM // CC’ (D. 

Tuong tit: FN cung 1A diffrng trung binh 
cua tam gidc BDD’ 

=> FN = - DD’ vA FN // DD’ (2) 

2 

Tif (1), (2) vk DD’ II CC’, DD’= CC’ 

Suy ra EM = FN vA EM // FN 
EFNM Id hinh binh hAnh 
=> EF = MN (dpcm). 



Bdi 5. Cho hinh lAp phttong ABCD.A’B’C'D' c6 E vA F lin lugt h trung 
dilm cua cdc cgnh AB vA DD’. Hay xdc dinh cdc thiAt di§n cua hnh lap 
phutmg cit bdi cdc mat piling (EFB), (EFC), (EFC) vA (EFK) vfli K h trung 
di£m cua canh B’C'. 


Gidi 

* Thiet diAn cua hinh lap pht/cfng vdi mat phang (EFB) 1A hinh bim hinh 
ABLF vdi L thoa man: FL // CD vA L g CC' (hinh a) 

* Thiet di<?n cua hinh lip phitdng vdi mat phflng (EFC) IA hinh thang 
EMFC vdi M thoa man: MF II FC vA M e AA’ (hinh b) 
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* Thet dien cua hinh lap pitting v«*i mai ph.-mg 1 ICFC) lfi ngO giac KNCTT vdi 
N v: E’ la cAc diem thoa man: KN // Ff" vm N UR’; FP // C’N va Pi- AA' 
(him t ) 

* Tliet dien cua hinh hip phiftfng v<ii mat phang lEFK) 1& luc giac deu 
EB|\C J'Di vdi B ; . C], l> ; la cac diem tho.i man B, la trung diem BB’; Ci 
1& trm.g diem C’D'; D> la trung diem DA (hinh ill 



Bai 'Cho hinh lap phucmg ABCD.A’B’C’D’ c6 canh bang a. 

a Hay xdc dinh dtf&ng vuong gdc chung ciia hai dtf&ng thang ch£o nhau 
BD’ A B'C. 

b Tinh khoiing each ctia hai dtfflng thflng BD’ v& B’C’. 


Giai 

a) Gri B 1& tarn ciia hinh vuflng BCC’B’. 

Tron, imflt phang (BCD’) difng IK 1 BD' 
vdi E e BD’ 

De tia> AB 1 (BCC’B’) 

^ A1 i B’C (1) 

va diBiCC’B' la hinh vudng => BC’ 1 B’C (2) 
TCi (1 (2) => B’C 1 (ABC’D’l 



121 










MS IK c (ABC’D’) B’C 1 IK 

Vay IK IS dirtmg vuong g6c chung cua B’C vS BD' 


b) Trong tam gidc vudng BC’D’ cd BC’ = a-s/2; BD' = a\/3 ; C’D’ = a ; II = 
^ DS thSy 4 B1K - A BD'C (g.gl => ^ ^ a IK , 



a>/6 

6 


Bai 7. Cho hinh thang ABCD vudng tai A vS B, c6 AD = 2a, AB = )C = a. 
TrOn tia Ax vudng g6c vdri mat piling (ABCD) \&y m$t di£m S. Go C’, D’ 
ldn loot IS hinh chififu vudng g6c cua A trin SC vS SD. Chufng minh nng: 

a) SBC = SCD = 90° 

b) AD’, AC’ va AB cimg n&m tren mot mat phling. 

c) Chufng minh r&ng dudng thang C’D’ ludn ludn di qua mpt d£m c 6 
dinh khi => di d$ng trdn tia Ax. 

Giai 


a) Di thSiy AD 1 (SAB) vS do BC // AD 
=> BC l(SAD) => BC 1 SB => SBC = 90°. 

* Ta tinh di/cfc CD = CA = aV2 
ma AD -2a =5 A ACD vudng tai C 
=> CD 1 AC 

Mat khdc SA 1 (ABCD) => CD i SA 
=> CD 1 (SAC) => CD 1 SC 
=> SCD = 90° 

b) Theo chufng minh c&u a) CD 1 (SAC), 

AC c (SAC) =>CD1 AC 
Hon niifa AC 1 SC auy ra: 

AC 1 (SCD) => AC’ 1 SD 
Di thSy AB 1 (SCD) =» AB 1 SC B 

Suy ra AC’, AD’, AB ding vuong g6c vdi SC => AC’, AD’, AB cung nhi tr&n 
mat phSng vudng gdc vdi SC hay AC', AD’, AB cung n&m trdn m$t mat n&ng. 

c) Theo chufng minh cdu b) AC’, AD’, AB cung n&m trdn m$t mat phng;, goi 
d6 IS mat ph&ng (« ). 
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Coi I la giao diem ciia AB va CD. 

> ID’ iri giao tuyen ciia mat 
phfing (SCD) vh (<x }; 

De thay C e SC; C' e AC’ 

=> C' nSm tren giao tuyen ciia 
(a ) va (SCD) C, D’. I thang 
h^ng hay C D' luon di qua I khi S 
thay ddi tren Ax. (dpcm). 
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